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Streszczenie

Precyzyjne pomiary własności neutrin są jednym z największych wyzwań fizyki cząstek ele-
mentarnych. Wiąże się to z przeprowadzaniem licznych i złożonych badań doświadczalnych
na całym świecie. Eksperymenty, które wykorzystują akceleratory cząstek stanowią unikatowe
środowiskodo badań oscylacji neutrin i poszukiwania śladów łamania symetrii CPw sektorze lep-
tonowym Modelu Standardowego. Jednakże, ponieważ eksperymenty te opierają się na detekcji
oddziaływań neutrin na związanych nukleonach wewnątrz materii jądrowej, więc modelowanie
takiego zjawiska stanowi znaczące źródło niepewności doświadczalnej. Tradycyjnie wykonu-
jemy takie obliczenia traktując nukleony jako niezależne, skupiając się na kwazi-elastycznych
oddziaływaniach neutrino-nukleon lub wzbudzaniu rezonansów. Rozszerzanie naszej wiedzy
dotyczącej przekrojów czynnych na rozpraszanie neutrin jest niezbędne dla dalszego rozwoju
badań eksperymentalnych. Aby temu sprostać, musimy przekroczyć próg pierwszego przybliże-
nia teoretycznego i korzystać z metodologii uwzględniającej efekty korelacji nukleonowych oraz
procesów z wybiciem więcej niż jednego nukleonu.

W tej pracy prezentujemy nowatorskie badania będące efektem połączonych doświadczeń
grupy teoretycznej z Gandawy oraz wrocławskiego generatora zdarzeń Monte Carlo—NuWro,
który stanowi ważne ogniwo analiz eksperymentalnych. Gandawski model oddziaływań neu-
trin na jądrach atomowych traktuje zarówno początkowe jak i wybite nukleony w przybliżeniu
średniopolowym, co prowadzi do spójnego opisuw ramach nierelatywistycznej mechaniki kwan-
towej. Do tej struktury dodajemy dynamicznie generowane korelacje par nukleonów oraz prądy
dwuciałowe z wymianą pośredniczącego pionu, uwzględniając również wzbudzenia rezonansu
∆. Efekty te sumujemy koherentnie, co pozwala na działanie efektów interferencyjnych. Tak
skonstruowany model, zweryfikowany poprzez porównania z danymi rozpraszania elektronów,
dostarcza przewidywania inkluzywnych, półinkluzywnych i ekskluzywnych przekrojów czyn-
nych w procesach z wybiciem jednego albo dwóch nukleonów.

NuWro to szeroko stosowany generator zdarzeń neutrinowych metodą Monte Carlo. Jest
on rozwĳany od 2005 przez wrocławską grupę teoretyczną i przez ten czas dostarczył wiele
wiarygodnych przewidywań dla kanałów oddziaływań neutrino-jądro istotnych dla eksperymen-
tów oscylacyjnych. Do symulacji hadronowych stanów końcowych, w NuWro, wykorzystujemy
własnymodel kaskady wewnątrzjądrowej, która symulaje obserwowaną w eksperymentach krot-
ność cząstek wybĳanych lub produkowanych wwyniku zdarzeń. Najważniejszym celem naszych
badań był rozwój metodologii implementacji modeli teoretycznych w generatorach Monte Carlo
tak, aby przewidywaniamodelu gandawskiegomogły byćwprzyszłości wykorzystywanew anal-
izach eksperymentalnych. Dlatego skupiliśmy się na dwóch aspektach badań: nieelastcznych
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oddziaływaniach stanów końcowych, których brakuje w kwantowomechanicznych modelach
rozpraszania neutrin na jądrach atomowych oraz na metodologiach numerycznej optymaliza-
cji implementacji. W pierwszym przypadku wprowadziliśmy efekty korelacji bliskiego zasięgu
domodelu kaskadyNuWro i zbadaliśmy zachowaniemodelu z pomocą danych z ekskluzywnego
rozpraszania elektronów. W drugim opracowaliśmy schemat, który umożliwia implementację
wielowymiarowych przekrojów czynnych w ich pełnej złożoności ekskluzywnej. Uwzględniając
te doświadczenia zaproponowaliśmy wstępną implementację modelu z Gandawy, która, razem z
NuWro, tworzy pomost pomiędzy teorią, a eksperymentem.



Abstract

The precise measurement of neutrino properties is among the greatest challenges in fundamental
particle physics. This involves conducting numerous and complex experimental studies around
the world. Accelerator-based neutrino experiments provide a unique framework for such studies,
providing oscillation measurements and hints of the CP violation in the leptonic sector. How-
ever, since these experiments rely on the interaction of neutrinos with bound nucleons inside
atomic nuclei, understanding the hadronic and nuclear physics of these interactions constitutes a
challenging source of uncertainty. Modeling neutrino-nucleus scattering processes is a complex
many-body problem, traditionally performed in the independent-particle picture, focusing on the
quasielastic neutrino-nucleon interactions or the excitation of nucleon resonances. Expanding
our knowledge of cross sections for neutrino scattering is essential for further development of
experimental research. To reach the required percent level precision, we need to conduct research
beyond the first approximation, incorporating the effects of nucleon correlations andmultinucleon
knock-out processes.

The presented research involves a novel, multidirectional approach to tackling modern neu-
trino physics problems by combining the theoretical experiences of the Ghent group and the
Monte Carlo neutrino event generator NuWro, explicitly used in experimental analyses. The nu-
clear physics of Ghent involves a non-relativistic, mean-field-based model for both the initial and
final hadronic states. On top of that, we add dynamically generated short-range nucleon corre-
lations and explicit two-body dynamics with meson-exchange currents involving isobar degrees
of freedom. This framework, exhaustively compared against electron scattering, provides predic-
tions of inclusive, semi-inclusive, and exclusive cross sections for neutrino-nucleus interactions
leading to 1-particle-1-hole and 2-particle-2-hole final states.

NuWro is aMonteCarloneutrino event generatorwidelyused in the accelerator-basedneutrino
experiments community. This software, initiated in 2005 by the theoretical group from Wrocław,
provides reliable predictions for the vital neutrino-nucleus scattering channels and involves a
homegrown cascade model that simulates the final-state interactions of outgoing hadrons. Such a
factorized approach allows for combining accurate inclusive cross section calculations while pre-
dicting the necessary multiplicity of particles, which we observe as experimental topologies in the
detectors. Investigating thepossibility of a consistent framework combining the interactionmodels
of Ghent and NuWro is the ultimate goal of this research. Therefore, we focused on the following
aspects of Monte Carlo simulations: the final-state interactions missing in quantum-mechanical
lepton-nucleus scatteringmodels and themethodology of optimizing generator implementations.
In the former, we introduced the effects of short-range correlations into the cascade model of
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NuWro and constrained its behavior with exclusive electron scattering data. In the latter, we
developed a scheme that makes the implementation of multi-dimensional cross section models
feasible in their full exclusive complexity. Facilitated by these advancements, we proposed a
preliminary implementation of the Ghent model, which, together with NuWro, forms a bridge
between theory and experiment.



Samenvatting

Het nauwkeurig meten van neutrino-eigenschappen is een van de grootste uitdagingen in de
fundamentele deeltjesfysica vandaag. Hiervoor worden wereldwĳd talrĳke en complexe exper-
imenten uitgevoerd. Op versnellers gebaseerde neutrino-experimenten bieden een uniek kader
voor dergelĳke studies, omdat ze oscillatiemetingen en aanwĳzingen voor CP-schending in de
leptonische sector leveren. Omdat deze experimenten echter afhankelĳk zĳn van de interactie
van neutrino’s met gebonden nucleonen in atoomkernen, vormt het begrĳpen van de hadron-
en kernfysica van deze interacties een uitdagende bron van onzekerheid. Het modelleren van
neutrino-atoomkern verstrooiingsprocessen is een complex veeldeeltjesprobleem, dat traditioneel
wordt uitgevoerd in een onafhankelĳke-deeltjesbeeld, waarbĳ de nadruk ligt op de quasielastische
neutrino-nucleoninteracties of de excitatie van nucleonresonanties. Het uitbreiden van onze ken-
nis van werkzame doorsneden voor neutrino-verstrooiing is essentieel voor de verdere ontwikke-
ling van experimenteel onderzoek. Om de vereiste procentuele nauwkeurigheid te bereiken,
moeten we onderzoek doen dat verder gaat dan de eerste benadering en waarin de effecten van
nucleoncorrelaties en multinucleon-uitstotingsprocessen zĳn opgenomen.

Het voorgestelde onderzoek behelst een nieuwe, multidirectionele aanpak van moderne
neutrino-fysicaproblemen door de theoretische expertise van de Gentse groep te combineren
met de Monte Carlo neutrino event-generator NuWro, die expliciet gebruikt wordt in experi-
mentele analyses. Het Gentse model omvat een niet-relativistisch, gemiddeld-veld-gebaseerde
beschrĳving voor zowel de initiële als de finale hadron toestanden in de verstrooiingsreactie.
Daarbovenop voegen we dynamisch gegenereerde nucleoncorrelaties op korte afstand en expli-
ciete tweelichamendynamica met mesonuitwisselingsstromen waarbĳ isobarenvrĳheidsgraden
betrokken zĳn, toe. Dit raamwerk, uitvoerig vergeleken met elektronenverstrooiing, geeft voor-
spellingenvan inclusieve, semi-inclusieve enexclusievedoorsnedenvoorneutrino-nucleusinteracties
die leiden tot 1-deeltje-1-gat en 2-deeltje-2-gat eindtoestanden.

NuWro is een Monte Carlo neutrino event generator die veel gebruikt wordt in door col-
laboraties de werken aan neutrino-experimenten met versnellers. Deze software, in 2005 on-
twikkeld door de theoretische groep uit Wrocław, levert betrouwbare voorspellingen voor de
essentiële neutrino-nucleus verstrooiingskanalen en omvat een zelfontwikkeld cascademodel dat
de eindtoestand-interacties van uitgaande hadronen simuleert. Een dergelĳke gefactoriseerde
aanpak maakt het mogelĳk om nauwkeurige inclusieve doorsnedeberekeningen te combineren
met het voorspellen van de benodigde multipliciteit van deeltjes, die we waarnemen als experi-
mentele topologieën in de detectoren. Het onderzoeken van de mogelĳkheid van een consistent
raamwerk dat de interactiemodellen van Gent en NuWro combineert, is het uiteindelĳke doel

v



vi

van dit onderzoek. Daarom hebben we ons gericht op de volgende aspecten van Monte Carlo
simulaties: de eindtoestand interacties die ontbreken in kwantummechanische lepton-nucleus
verstrooiingsmodellen en de methodologie voor het optimaliseren van generator implementaties.
In het eerste geval introduceerden we de effecten van correlaties op korte afstand in het cas-
cademodel van NuWro en beperkten we het gedrag ervan met exclusieve elektronenverstrooi-
ingsgegevens. In het tweede hebben we een schema ontwikkeld dat de implementatie van
multi-dimensionale doorsnedemodellen haalbaar maakt in hun volledige exclusieve complex-
iteit. Dankzĳ deze vooruitgang hebben we een voorlopige implementatie van het Gentse model
voorgesteld, dat samen met NuWro een brug vormt tussen theorie en experiment.
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1
Introduction

The advent of powerful particle accelerators has remarkably increased our capability to probe hadronic
matter and the interactions of elementary particles. Among other advances, it also facilitated using
high-luminosity neutrino fluxes, increasing the statistics obtained in neutrino detectors. It allows us
to enter the precision era of neutrino experiments, probing effects that strain the Standard Model of
particle physics. Thus, to facilitate this process, theoretical modeling of neutrino-nucleus reactions
should provide state-of-art predictions for several essential interaction channels, accurately implemented
in Monte Carlo event generators, to decrease the systematic uncertainties in experimental analyses.

1.1 Standardization of particle physics

Matter composed of various elementary particles held together by fundamental forces is a widely
accepted picture of our observable surroundings. Themodern understanding of this idea is rooted
in the early-nineteenth-century atomic theory of an English chemist John Dalton, but some early
beliefs originate from the very cradle of scientific thought—the Milesian school of philosophy.
Althoughwe commonly trace it back to the reductive arguments of Greek philosophers Leucippus
and Democritus [1], it can be surprising how long humanity had to wait to obtain direct evidence
for the existence of such indivisible constituents of matter. The path to this discovery commenced
with the work of Robert Brown, a Scottish botanist, who, in 1828, described the random nature
of traceable pollen particles moving in a fluid. This phenomenon only grabbed compelling
public attention at the beginning of the twentieth century when Albert Einstein and Marian
Smoluchowski independently formulatedmathematical theories [2], explaining it as caused by the
fact that any fluid is composed of tiny molecules in thermal equilibrium. In 1905, this explanation
of the Brownian motion was validated experimentally by Jean Perrin [3], giving a solid argument

3



4 1. INTRODUCTION

that elementary atoms and molecules form the world around us. However, another viable path
led to studying physics on even smaller scales. A few years earlier, in 1897, Joseph John Thomson
found evidence that electricity in gases transmits by individual particles of a universal mass-to-
charge ratio [4], about one-thousandth of the one of hydrogen [5]. These entities, later called
electrons, were the first discovered subatomic particles that remain elementary until now. These
discoveries and the rapid development of special relativity and quantum mechanics opened a
fruitful century of experimental particle physics that found a whole zoo of particles with different
properties and substructures [6].

While one could understand elementary particles as actors on the physics stage, the funda-
mental forces are the ones that would write the script and govern their dynamics. Here, it has
always been the role of theoretical physics to develop the mathematical description that would
allow predicting the behavior of a particular system over time. An instinctive consequence of
formulating such laws of physics is an urge to unify our understanding into a comprehensive
first-principles picture. A primary example of this process is the mid-nineteenth-century James
ClerkMaxwell’s synthesis [7] that unified known electric andmagnetic effects into a single electro-
magnetic interaction. With the other advancements in twentieth-century physics, more physicists
proposed elegant forms of relating different phenomena through compact underlying theories.
Notably, in 1928, Paul Dirac showed how to describe the dynamics of electrons (fermions) and
photons (bosons) following the principles of both quantum mechanics and the special theory of
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fermions: quarks and leptons, and bosons, which are the force carriers of particular interactions. The
frames represent types of fermions that participate in given interactions, together with an accompanying
boson(s). The figure format was inspired by Ref. [8].
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relativity [9]. Based on such a framework, an example of a quantum field theory, the theory by
Sheldon Glashow [10], Abdus Salam [11], and Steven Weinberg [12] unified electromagnetic and
weak interactions (governing nuclear decays) as both mediated by the exchange of gauge bosons.
Togetherwith a parallel construction for quarks (strongly interacting subcomponents of nucleons),
having an additionally attributed color, the described theories form the Standard Model (SM) of
elementary particles [13]. Although it is tempting to unify the interactions further, this is where
the frontier of physics lies, with our present knowledge encapsulated in themost successful theory
to date, schematically presented in Fig. 1.1.

Hunting for new particles

In modern times, performing high-energy experiments is crucial in searching for new particles or
studying the underlying phenomena, as we must explore new, harder-to-access regions of phase
space. There are two main philosophies to achieve such goals: the energy and the intensity
frontiers. Experiments within the former aim to focus energy on single interactions that cause
showers of various particles that are later analyzed, searching for the occurrence of specific
particle decays. It proved notably successful in 2012 when the CMS and ATLAS experiments at
CERN discovered the Higgs boson [14,15], a key ingredient in the mass-generating mechanism
for elementary particles, especially for theW and Z bosons. Although a remarkable achievement,
this concluded the shortlist of widely anticipated particles in the well-established formulation of
the Standard Model, and it is still not entirely clear how this field will develop in the future. Still,
the ongoing efforts on the new colliders: HL-LHC in CERN [16] and ILC in Japan [17], or more
dedicated experiments, such as SHiP [18], might bring unexpected answers to the questions yet
to be asked.

The other approach, the intensity frontier, aims at generating fluxes of an immense number of
particles needed to study rare subatomic interactions. Here, observing significant discrepancies
from the SM predictions, such as the Muon g-2 measurement anomaly [19], would point to the
potential existence of yet undiscoveredparticles or other unexpecteddeviations. Such experiments
also allow studying the properties of the tiniest fermions, called neutrinos, which are challenging
to incorporate into the Standard Model consistently and span a promising investigation path.
The existence of these particles was first postulated in 1930 by Wolfgang Pauli to explain the
continuous spectrum of electrons emitted in beta decay experiments [20]. He reasoned that
having an additional neutral particle in the process,

AZ,N → AZ+1,N−1 + e− + ν̄e (1.1.1)

would allow continuous sharing of the reaction energy between the two particles (ν̄ are the
antiparticles corresponding to neutrinos, called antineutrinos). As detected about 26 years later by
Fredrick Reines and Clyde Cowan [21] via the inverse beta decay,

ν̄e +A
Z,N → AZ−1,N+1 + e+. (1.1.2)

neutrinos played a crucial role in formulating Enrico Fermi’s theory of weak interactions [22].
Although highly elusive and therefore requiring large intensities to be studied, we now know that
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neutrinos possess unexpected beyond-Standard-Model (BSM) properties that might be our most
promising window to the new physics [6].

Extreme acceleration of particles can also happen without human intervention. High-energy
particles of astronomical origin constantly bombard our planet, and we have many dedicated
research programs to study them. It is the source of the most energetic particles known to
humanity, such as the Oh-My-God particle [23], tens of times more energetic than the highest
collision energy in the Large Hadron Collider at CERN. Many early neutrino detectors relied on
this kind of particle source, and the first insights about their unusual properties appeared while
studying neutrinos originating in the Sun. Namely, in the late 1960s, the Homestake experiment
headedbyRaymondDavis, Jr. reported anunexpectedly small fluxofdetected solar neutrinos [24].
A personwho eagerly anticipated this observationwas Bruno Pontecorvo, who, in 1969, published
his explanation of this phenomenon through the theory of neutrino oscillations [25]. The idea,
dated back to 1957 [26], was an analogy to the mixing of other neutral particles, where the particle
state responsible for the weak interaction (characterized by the flavor) is not truly the one that
propagates (characterized by the mass). This discrepancy causes obtaining specific probabilities
for neutrinos to change their type while propagating through space. The conclusive evidence
of this unique effect came through the Super-Kamiokande (SK) and SNO experiments, reported
from 1998 to 2002 [27–29]. A fundamental consequence of neutrino oscillations is that they must
have nonzero masses. Here, schematically compared to other elementary particles in Fig. 1.2.
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Figure 1.2: Masses of all known fundamental fermions [6] on a logarithmic scale. Each neutrino value
represents one-third of the estimated total mass with an individual experimental bound. The figure format
was inspired by Ref. [30].

(Un)usual neutrino properties

According to their well-established formulation within the Standard Model [6,31], neutrinos
are the only electrically neutral elementary fermions, i.e., they have half-integer intrinsic angular
momentum (spin). As presented in Fig. 1.1, they occur in three generations: νe, νµ, and ντ, which,
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in the first order of perturbation expansion, do not participate in electromagnetic processes but
interact only weakly. The neutrino label corresponds to the mass of the particular charged lepton
produced in association: e, µ, or τ. As mentioned earlier, the primary source of electron neutrinos
is the beta nuclear decay:

AZ,N → AZ+1,N−1 + e− + ν̄e (1.1.3)

or
AZ,N → AZ−1,N+1 + e+ + νe. (1.1.4)

For the muon neutrinos, the mass of the accompanying charged lepton (muon) is larger and so is
the general energy scale of processes involving these particles. Muon neutrinos are produced in
pion, or muon decays:

π+ → µ+ + νµ, (1.1.5)

µ+ → e+ + νe + ν̄µ, (1.1.6)

which are unstable particles that are formed naturally in interactions of cosmic radiation entering
theupper layers of our atmosphere. As for the thirdgenerationof fermions, theprocesses involving
tau neutrinos require significantly more energy than those for the other species and therefore are
the most challenging to observe in naturally occurring phenomena. They are produced by high-
energy astronomical sources, such as core-collapse supernova explosions. Ultimately, we do not
expect to discover any other than those three species of such light neutrinos because of the detailed
analyses of the time of life of Z0 bosons, which can decay according to

Z0 → να + ν̄α. (1.1.7)

As stated in Ref. [32], the number of neutrinos participating in the current formulation of the
electroweak interactions is:

Nν = 2.9840± 0.0082. (1.1.8)

Deviations from this number would support potential BSM scenarios, which provide more exotic,
so far non-observed particles.

In the theory of weak interactions, neutrinos couple with a Z0-boson in an elastic process
where only their 4-momentum is changed (neutral current, NC) or with aW± boson, additionally
exchanging an electric charge (charged current, CC). We conventionally write the latter as

W+ → l+ + νl, W− → l− + ν̄l, (1.1.9)

where l = e, ν, τ labels the flavor (mass) of the charged lepton. This leads to a clear, experimental
distinction of ν and ν̄ as the Dirac particles corresponding to the charge of the produced charged
lepton: positive and negative, respectively. Fig. 1.3 presents the first ever neutrino recorded
in a bubble chamber experiment through an inelastic neutrino-nucleon scattering process, an
example of a CC interaction. In 1957, two remarkable experiments led by Chien-Shiung Wu [34]
and Leon Lederman [35] provided evidence that weak interactions can break parity symmetry
and bring a universal sense of orientation in space. Then, in a subsequent experiment led by
MauriceGoldhaber [36], neutrinos always showed a spin antiparallel to theirmomentum (negative
helicity), implying that antineutrinos have their spinparallel to theirmomentum (positive helicity),



8 1. INTRODUCTION

Figure 1.3: The first neutrino event in a hydrogen bubble chamber captured on film, taken at Argonne
National Laboratory [33]. A neutrino coming from the left interacted with a proton to produce the three-
pronged event consisting of µ− (longest track), a proton (shortest track), and a pion π+.

i.e., neutrinos are always left-handed, and antineutrinos are always right-handed. In a massless
particle limit, one can relate helicity to the more abstract concept of chirality, which provides a
foundation for the weak neutrino interaction’s vector-axial (V-A) structure. In simple terms, it
contains a part that transforms under rotations as a vector (γµ) and gains a minus sign, which
is of analogical structure to the electromagnetic interactions of electrons, and a part that does
not change its sign, an axial-vector (γµγ5) that depends on helicity and is characteristic to weak
interactions. Mathematically, we include the chiral symmetry through a projection operator
PL = (1− γ5)/2 and obtain the whole interaction dynamics through the following Lagrangians:

LCC =
∑

l

−
g

2
√
2
ν̄lγ

µ(1− γ5)l−W+
µ + h.c. (1.1.10)

LNC =
∑

l

−
g

4 cos θW
ν̄lγ

µ(1− γ5)νlZ
0
µ + h.c. (1.1.11)

The theory formulated in such a way satisfies a more complex charge-parity (CP) symmetry:
the structure of weak interactions should not change under a simultaneous charge conjugation
(particle/antiparticle) and a spatial reflection (mirror image), i.e., up to their helicity, left-handed
neutrinos behave the same way as right-handed antineutrinos.

Neutrino masses, which characterize eigenstates of the free Hamiltonian, are too small to be
determined with the current experimental methodology. Thus, we cannot distinguish them in ei-
ther the production or detection of neutrinos, so we assume a mixing between the interacting and
propagating states [37]. Therefore, the observed neutrino flavor eigenstates undergo a peculiar
effect of oscillations. The diagonalization of neutrino masses is introduced by including the lep-
tonic mixingmatrixU in Eq. (1.1.10) andwriting the propagating neutrino state as a superposition
of the flavor states:

|νj〉 =
∑

α=e,µ,τ

Uαj|να〉, (1.1.12)
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where α = e, µ, τ and i = 1, 2, 3 label neutrinos with a specific flavor and mass, respectively. The
mixingmatrix is called the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, and it is a unitary
matrix parametrized through three θmixing angles and a CP-violating δ phase as:

U =

1 0 0

0 c23 s23

0 −s23 c23


 c13 0 s13e

−iδ

0 1 0

−s13e
iδ 0 c13


 c12 s12 0

−s12 c12 0

0 0 1

 , (1.1.13)

where cij ≡ cos θij and sij ≡ sin θij. To understand what happens to neutrinos as they propagate
through space, we describe the propagation of theirmass eigenstates, of energyEj andmomentum
pj, as plane-wave solutions, a function of the time t and the distance L, in one direction:

|νj(t, L)〉 = e−i(Ejt−pjL)|νj(0, 0)〉, (1.1.14)

and formulate the oscillation probability as

P(να → νβ) =
∣∣〈νβ|να(t, L)〉∣∣2 =

∣∣∣∣∣∣
∑

j,k

U∗αjUβke
−i(Ejt−pjL)〈νk|νj〉

∣∣∣∣∣∣
2

=

∣∣∣∣∣∣
∑

j

U∗αjUβje
−i(Ejt−pjL)

∣∣∣∣∣∣
2

=
∑

j,k

U∗αjUβjUαkU
∗
βke

−i((Ek−Ej)t−(pk−pj)L).

(1.1.15)

Here, the derivation in fully correct description involves introducing wave packets and group
velocity, which leads to the neutrino oscillation probability in a compact form:

P(να → νβ) = δαβ − 4
∑

j>k

Re
{
U∗αjUβjUαkU

∗
βk

}
sin2

(
∆m2jkL

4E

)

+ 2
∑

j>k

Im
{
U∗αjUβjUαkU

∗
βk

}
sin2

(
∆m2jkL

2E

)
,

(1.1.16)

where∆m2jk = m2j −m
2
k is the difference of neutrinomasses squared. The behavior of this formula

depends on the neutrino energy spectrum and propagation distance, presented for two typical
conditions in Fig. 1.4.

Due to their unusual properties, research on neutrinos serves as a promising path for discov-
ering new physics, from the properties of neutrino oscillations to other beyond-Standard-Model
phenomena. The list of unanswered questions connects many experimental conditions and ori-
gins of detected neutrinos. Howmany families of neutrinos do we have, and how do we interpret
the number of Eq. (1.1.8)? How does this correspond to the parameters of the PMNS matrix, and
do we expect deviations from the current oscillation model? Do we expect to see CP violation
in the leptonic sector as we do for quarks? What is the absolute scale of neutrino masses, and
what is their ordering relative to the flavor states in the PMNS matrix? How do neutrinos gain
masses, and should we describe them according to Dirac or Majorana theory? Are there any other
weakly-interacting heavy neutrinos? Answering any of these questions would change our per-
spective on modern physics, and therefore, we invest a lot of time and resources into investigating
the fascinating field of neutrino physics.
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Figure 1.4: An abundance of the specific neutrino flavor in neutrino oscillations as a function of propagation
distance in two typical experimental conditions: (top) electron antineutrinos in reactor experiments with
the energy Eν = 4MeV; (bottom) muon neutrinos in accelerator experiments with the energy Eν = 1 GeV.
The figure format was inspired by Ref. [38].

1.2 Experimental study of neutrino properties

Research programs devoted to neutrino physics are diverse in their objectives, methodology, and
sources of neutrinos. Having accepted that neutrinos can oscillate, the experimental studies of
this phenomenon have become increasingly relevant. As multiple parameters enter the PMNS
matrix and the general oscillation formula, it is important to find proper conditions to isolate
and probe specific elements of the theory. Historically the experiments devoted the experiments
devoted to solar neutrinos came first: Homestake [24] and other radiochemical experiments
such as SAGE [39] and GALLEX [40]. Their detection method relied on counting radioactive
isotopes of nuclei that interacted with neutrinos. However clever, this method did not allow for
measuring the direction of interacting neutrinos, failing to prove unambiguously they originate
from the Sun. This issue changed with the introduction of Cherenkov light detectors, such
as Kamiokande [41], and the ones that finally confirmed neutrino oscillations: SNO [28,29] and
Super-Kamiokande [27]. Detecting this electromagnetic analogue of the sound shockwave enabled
identifying highly energetic products of neutrino interactions and measuring their direction.
The latest research on solar neutrinos, in the Borexino [42] or KamLAND [43] experiments,
involves the third method of neutrino detection: liquid scintillators, which allow tracking of all
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charged particles participating in the process. Although KamLAND mostly detected neutrinos
from nuclear reactor sources, its long baseline allowed it to be sensitive to the solar oscillation
parameters: θ12, θ13 angles, and ∆m221, which are accessible by studying low-energy electron
neutrinos over large propagation distances [6].

Research on neutrinos from artificial sources divides into twomain branches: electron antineu-
trinos from nuclear reactors and muon (anti)neutrinos obtained in proton accelerator facilities,
with their oscillation characteristics depicted in Fig. 1.4. Reactor neutrinos have energies up to
dozens of MeV and require medium-length baselines for detection, usually close to industrial
power plants that create immense fluxes of these particles. Apart from the Japanese KamLAND
experiment mentioned before, which has a significantly longer baseline than others, many coun-
tries with advanced nuclear energy infrastructures have developed such scintillator detectors:
Double Chooz (France) [44], Daya Bay (China) [45], RENO (South Korea) [46], or the future JUNO
(China) [47]. Their primary goal is to measure the θ13 angle, and the larger neutrino squared
mass difference |∆m231,32|, unfortunately not being sensitive to its absolute sign. Another setting
to study the latter, together with the θ23 angle, is provided by accelerator-based experiments.
They rely on high-energy proton interactions to produce charged pions that decay into muon
neutrinos, with continuous energy distributions, typically of the order of a few GeV. Over their
long baselines, they can usually measure both the muon neutrino disappearance and the electron
neutrino appearance signals. The Japanese neutrino program has always relied on water-target
Cherenkov light detectors, starting with the K2K project [48], through the current T2K [49] (both
using SK as the far detector) and the future Hyper-Kamiokande [50]. Alternatively, one can use

Experiment Dominant Important

Solar experiments
θ12 ∆m221, θ13(Homestake, SAGE, GALLEX)

Reactor long-baseline experiments
∆m221 θ12, θ13(KamLAND)

Reactor medium-baseline experiments
θ13, |∆m231,32|(Double Chooz, Daya Bay, RENO)

Atmospheric experiments
θ23, θ13, |∆m231,32|, δCP(Super Kamiokande, ANTARES, IceCube)

Accelerator long-baseline, νµ,ν̄µ disapp.
θ23, |∆m231,32|(K2K, T2K, MINOS, NOvA, ICARUS)

Accelerator long-baseline, νe,ν̄e appearance
δCP θ23, θ13(T2K, MINOS, NOvA)

Table 1.1: Experiments contributing to the determination of the oscillation parameters [6].

scintillator methods as in the former MINOS [51] and the current NOvA [52] experiments. The
other modern approaches use liquid Argon time-projection chambers (LArTPC), pioneered by
ICARUS [53] and set to be used in the future DUNE [54] experiment. Finally, all of the param-
eters: θ23, θ13, and |∆m231,32|, are measured by studying atmospheric neutrinos, e.g., in Super-
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Kamiokande [55]. The high-energy neutrino telescopes, such as ANTARES [56] and IceCube [57]
(or the future KM3NeT [58]), are also sensitive to these neutrino oscillations. Experiments capable
of independently measuring neutrino and antineutrino signals may allow for observing hints of
CP violation in the leptonic sector (δCP). We summarize the selected experimental studies in
Table 1.1. At the time of this research, the latest global fits report, assuming the normal ordering
of neutrino masses, the following parameter values [59]: θ12 = 33.41◦+0.75−0.72, θ23 = 42.2◦+1.1−0.9,
θ13 = 8.58

◦+0.11
−0.11, ∆m221 = 7.410.210.20 × 10−5 eV2, and ∆m231,31 = +2.5070.0260.027 × 10−3 eV2.

Over the last two decades, we have found several hints pointing to possible deviations from the
well-established neutrino oscillation model. The hypothesis of sterile neutrinos provides a well-
motivated minimal new physics extension that could impact this phenomenon. These particles
may exist with some mixing with the active neutrinos and explain, e.g., why neutrinos have
mass [60]. However, exploring the parameter space of the mixings andmasses for these neutrinos
presents a challenge since it spans several orders of magnitude [61]. Consequently, there are
no definitive predictions, and a comprehensive scientific program is needed to investigate their
potential existence.

Surprisingly, we can also study some neutrino properties in smaller-scale laboratory exper-
iments. This research involves creative, indirect measurements of processes sensitive to the

(a) Comparison of historical best-fit values and uncertain-
ties of direct neutrino mass measurements with the latest
results of the KATRIN experiment. For more details, see
Ref. [62] and the references therein.

(b) Sensitivity of the KamLAND-Zen detector in measur-
ing the effective Majorana neutrino mass 〈mββ〉, the pa-
rameter characterizing the 0νββdecay rate, as a functionof
the lightest neutrino mass. For more details, see Ref. [63].

Figure 1.5: Examples of experimental research on neutrino properties beyond the large-scale experimental
programs on neutrino oscillation measurements.

investigated effects but not the strength of neutrino interaction with matter. As we learned that
neutrinos have non-vanishing rest masses, it is tempting to measure these tiny values. Although
we could infer them by studying the behavior of neutrinos from cosmological or artificial sources,
the most straightforward method is to analyze beta decay spectra to understand the restrictions
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of the process kinematics, which includes the effect involving neutrino mass. In Fig. 1.5a, we
present the historical measurements and the ones coming from the leading tritium-decay project
nowadays-KATRIN [64]. Another research direction of neutrino physics connected to beta decay
experiments is searching for the hypothetical neutrinoless double-beta decay process (0νββ), a
nuclear transition involving increasing proton number by two units and the emission of two elec-
trons only. Detecting such an event would be of fundamental importance for particle physics [65],
providing evidence that neutrinos follow the Majorana theory for neutral particles, i.e., they are
their own antiparticles. For example, Fig. 1.5b presents an experimental sensitivity of the project
KamLAND-Zen [63], a liquid Xenon scintillator. Finally, these advancements in particle detection
technology allowed for the sprouting of many laboratory-sized experiments that try to search for
new, weakly interacting particles, possibly other types of yet undiscovered neutrinos. It spans a
vital branch of BSM physics investigations [6].

Accelerator-based neutrino experiments

The paramount environment to study the medium-energy characteristics of neutrino oscillation
theory and the structure of neutrino-nucleus interactions is providedbyaccelerator-basedneutrino
sources. They rely on proton synchrotron facilities, such as J-PARC, Fermilab, or CERN, for the
energetic input into the neutrino flux production. As presented in Fig. 1.6, the process initiates
with the accelerated protons scattering off a heavy, fixed target, producing secondary particles
such as pions or kaons. Then, a set of magnetic horns isolates particles with a selected charge:

proton source

particle accelerator

p

heavy target

π+

π−

magnetic horn

π+

π−

π+ → νµ + µ+

decay pipe

absorber

νµ
neutrino beam

Figure 1.6: Neutrino production mechanism in an accelerator-based experiment.

positive to produce a neutrino-dominated flux or negative for an antineutrino-dominated one.
Finally, neutrinos appear as products of decays happening in a dedicated tunnel, which ends with
a beam dump meant to stop unwanted particles from propagating with the flux. The dominant
decay channels of pions:

π+ → µ+ + νµ, π− → µ− + ν̄µ, (1.2.1)

and kaons:
K+ → µ+ + νµ(+π

0), K− → µ− + ν̄µ(+π
0), (1.2.2)

provide the bulk of neutrino flux of the desired helicity. However, this procedure involves two
common types of contamination: the fluxmight include neutrinos of the opposite helicity or other
flavors. The subsequent muon decay is the primary source of undesired neutrinos:

µ+ → e+ + ν̄µ + νe, µ− → e− + νµ + ν̄e, (1.2.3)

but kaons also have decay channels that contribute to the latter issue:

K+ → e+ + νe + π
0, K− → e− + ν̄e + π

0. (1.2.4)
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Though one can reduce the contamination to a percent level, e.g., by adjusting the length of the
decay pipe to prevent muons decay, the accelerator-based neutrino fluxes combine distributions
of particles of different energies, helicities, and flavors. These flux uncertainties are the price for
obtaining controlled, large-scale sources of neutrinos.

The oscillation program itself has a straightforward principle of operation: one counts the
number of interacting neutrinos of a given energy over a specific propagation distance and con-
fronts it with theoretical expectations. This approach is sufficient to infer the oscillation model
parameters, even the CP-violating phase δCP after performing a joint neutrino and antineutrino
analysis. However, considering how elusive neutrinos are, such a scientific program inevitably
meets challenges that slow down the exploitation of this strategy. A defining one is that neutrino
energy, one of the key parameters for the oscillation analyses, is known only as a broad distribu-
tion. Ideally, we could reconstruct the neutrino energy using the energy the final state particles
deposit in the detectors. Unfortunately, determining the complete final state experimentally is
usually impossible due to the limited detector acceptance. We rely on completing the missing
information using Monte Carlo (MC) event generators that employ theoretical models to describe
the neutrino interactions and carry out the neutrino energy reconstruction, which, however, faces
further complications. As the probability of neutrinos interacting with matter is challengingly
tiny, a large quantity of sensitive material must be accumulated to detect them with the desired
statistics. This issue entails practical obstacles in all present and future generations of neutrino
oscillation experiments. Due to its explosive nature, using the "easy-to-model" Hydrogen target is
impossible, while using molecules containing complex nuclei instead, such as mineral oils (CHx),
water, or liquid Argon, significantly increases the modeling difficulty. In general, this is a model-
dependent procedure, and it is essential to stress how the uncertainties in theoretical predictions
propagate to the final neutrinomeasurements. Wewill exemplify this following a discussion from
Ref. [66]. As depicted in Fig. 1.7, the total rate of observed neutrino events is a function of the re-
constructed kinematical variables x (e.g., reconstructed neutrino energy Erecν ). It is proportional to
specific components, such as the neutrino fluxΦνµ and the oscillation probability Pνµ→να which

Rνα(x) ∼ Φνµ (Eν)× Pνµ→να ({Θ}, Eν)× σνα (Eν, x)× εdet.(x)
Event rate Incoming flux Oscillation probability Cross section Efficiency

Figure 1.7: The rate of detected neutrinos of a flavor α (να) in neutrino oscillation experiments as a
convolution of the crucial ingredients: the flux of produced muon neutrinos (Φνµ ), oscillation probability
(Pνµ→να ), neutrino-nucleus cross section (σνα ), and the efficiency of a particular detector (εdet.). Here: Eν
is the "true" neutrino energy, {Θ} are the parameters of the oscillation model, and x represents kinematical
variables measured in the detector.

are functions of the "true" neutrino energy. To infer the oscillation model parameters {Θ} from
the detected rate Rνα , one needs an estimator for neutrino energy from the variables measured
in the detector. The critical ingredient for a good estimator is the neutrino-nucleus cross section
σνα which strongly relies on nuclear theory. In recent years, several works have shown the impact
of different nuclear effects on the neutrino energy reconstruction procedure [67–69]. However,
most of these aspects have yet to find their way into Monte Carlo neutrino event generators and,
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therefore, into the actual experimental analyses.
Despite many scientific and technical challenges, accelerator-based neutrino experiments pro-

vide a unique framework for studying these paricles’ properties extensively. Apart from the main
oscillation programs mentioned before, the global community develops many research programs
devoted to essential development on flux production and control, or detector technology. There
are promising, modern ideas for neutrino production methods, such as the nuSTORM [70], ENU-
BET [71] orEMPHATIC [72] projects. There are also efforts to refineourparticle detectionmethods,
such as the WAGASCI [73] project or using liquid Argon in the ArgoNeuT [74], MicroBooNE [75]
and SBND [76] detectors. The potential impact of these technological advancements on the future
of the field cannot be overestimated. Finally, from a more theoretical point of view, the mea-
surements of various kinds of neutrino-nucleus interaction cross sections facilitate the essential
advancement in nuclear modeling computations needed for reducing the systematic uncertainties
in oscillation analyses. The combined efforts of physicists from different backgrounds bring us
closer to unraveling the mysteries of neutrino physics. Fig. 1.8 presents the field of accelerator-
based neutrino experiments with a selection of active experimental collaborations which perform
oscillation and neutrino-nucleus cross section analyses.
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Figure 1: Experimental efforts in the worldwide quest for the understanding of neutrino-oscillations and
neutrino-nucleus scattering, current: T2K, NOvA, MINERvA, MicroBooNE and future: Hyper-K, DUNE.
(Bottom left) produced neutrino flux predictions; (bottom center) flux-averaged probability of non-oscillation
as a function of the propagation distance; (bottom right) total charged current neutrino-nucleon cross section,
where "QEL" denotes quasielastic scattering, "RES"—single-pion production, and "DIS"—community slang
for both shallow- and deep-inelastic scattering.

Figure 1.8: Experimental efforts in the worldwide quest for the understanding of neutrino-oscillations
and neutrino-nucleus scattering, current: (gray) T2K [77], (yellow) NOvA [78], MINERvA [79],
MicroBooNE [80], and future: Hyper-Kamiokande [81], (blue) DUNE [82]. (Bottom left) produced neutrino
flux predictions; (bottom center) flux-averaged probability of non-oscillation as a function of the propa-
gation distance; (bottom right) total charged current neutrino-nucleon cross section, where ’QEL’ denotes
quasielastic scattering, ’RES’—single-pion production, and ’SIS/DIS’—community slang for both shallow-
and deep-inelastic scattering.

T2K experiment

An experimental collaboration initiated in 2006 [83], T2K ("Tokai-to-Kamioka") is a neutrino
oscillation program that operates over a long baseline in Japan between the J-PARC accelerator-
based neutrino source in Tokai and the Super-Kamiokande detector in Kamioka. It combines a
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global effort of about 500 scientists from almost 80 international institutes. The original physics
goals of the experiment grewon top of K2K experiences, focusing on discovering electron neutrino
appearance signal (confirming that θ13 > 0) andprecisionmeasurements of oscillation parameters
in the muon neutrino disappearance case. This strategy quickly proved notably successful and
evolved over a long data-taking period since 2010 [49]. However, T2K has not found evidence of
sterile neutrino components in thedisappearance signal, whichwas an auxiliaryphysics goal of the
project. Fig. 1.9 presents a schematic view of the experiment, including the near-detector facilities
that allow for monitoring the beam direction and other neutrino measurements needed to reduce
systematic uncertainties. The T2K neutrino beam is produced using the accelerator facilities
of J-PARC and flux modeling input based on the NA61/SHINE experiment data [84], which
provided measurements with a graphite target replica. As for the far detector, T2K uses Super-
Kamiokande, an enormous and well-understood Cherenkov light detector with many advantages
for being used in that role. It has an excellent electron-muon separation ability, plotted in the top
left part of Fig. 1.9, as well as reasonable energy resolution, control of backgrounds, and, although
challenging experimentally, an ability to detect pions. However, the detector is not magnetized,
which makes it unable to differentiate the charge of observed particles and, therefore, unable to
separate neutrino from antineutrino signals. During the first 10 T2K experimental runs, until 2020,

fa
rd

et
ec

to
r neardetectors

Figure 1.9: The 295-km-long baseline of the T2K experiment, spanning between the neutrino factory at J-
PARC to the Super-Kamiokande far detector. (top left) the far detector facility and its ability to discriminate
between electron and muon Cherenkov rings [85]; (top right) the off-axis near detector ND280 with its
subcomponents, and the on-axis beam monitoring detector INGRID.

Super-Kamiokande managed to detect about 318 muon and 108 electron events in the neutrino-
dominated flux and 137 muon and 16 electron events in the antineutrino-dominated one [86].

The critical component of a successful accelerator-basedoscillationprogram is theneardetector
which allows for precise neutrino interaction measurements and control over the initial point of



1.2. EXPERIMENTAL STUDY OF NEUTRINO PROPERTIES 17

flux propagation. In T2K, the near detector facilities are 280 meters from the target, hence its
name: ND280. Contrary to the INGRID beam monitor, SK and ND280 are not aligned with the
flux but are off-axis by 2.5 degrees. As presented in the bottom left (flux) and right (interaction)
parts of Fig. 1.8, this method significantly narrows the flux energy distribution, emphasizing the
quasielastic neutrino-nucleus interactionmechanism. This procedure constrains the detected final
states below the pion-production threshold, optimizing the investigated physics to the capabilities
of Super-Kamiokande. Assuming the neutrino interaction was a quasielastic process on a bound
nucleon (inverse β-decay), we can use a simple kinematic energy reconstruction formula:

Erecν =
2MNEl −m

2
l +M

2
N′ −M

2
N

2(MN − El + pl cos θl)
, (1.2.5)

where the index ldenotes the properties of a detected lepton, whileMN andMN′ are themasses of
an initial (off-shell) and a final nucleon, respectively. Provided reasonable control of uncertainties
coming from the suppressed inelastic processes by controlling detected pions and the knowledge
of the neutrino-nucleus interaction physics, this simple method is remarkably accurate. We can
exemplify the success of this methodology with the outstanding precision in measuring the muon
neutrino disappearance signal. In Fig. 1.10, we present the outcome of a T2K Run 1-8 oscillation
analysis, wherein in the left panel, one can see a significant signal suppression compared to
the non-oscillation expectation. From this observation, as depicted in Fig. 1.10b, one can derive
oscillation model parameters, such as θ23 and the modulus |∆m232,31|. Confronting the results of
the bottom panels of Fig. 1.10a with the general picture presented in Fig. 1.4, one can see that the

5

covariances. The uncertainties on neutral current and ⌫e

interactions cannot be constrained by the current ND280
selection, therefore the fit leaves the related parameters
unconstrained. Figure 1 shows data, pre-fit and post-fit

FIG. 1. FGD2 data, and model predictions prior to and after
ND280 data fit, binned in pµ for the ⌫ beam mode CC0⇡
sample. The prediction after the ND280 data fit is separated
by type of interaction.

Monte-Carlo pµ distributions for the FGD2 CC0⇡ sam-
ple. A deficit of 10%–15% in the pre-fit predicted num-
ber of events is observed, which is consistent with the
previous T2K publications [19]. In this previous analy-
sis, the simulated flux was increased to compensate the
deficit. This is now resolved by the new RPA treatment,
by increasing the low Q2 part of the cross section. Good
agreement is observed between the post-fit model and the
data, with a p-value of 0.473, which is better agreement
than in the previous T2K publication [19], partly due to
the modified cross-section parametrization. The fit to the
ND280 data reduces the flux and the ND280-constrained
interaction model uncertainties on the predicted event
rate at the far detector from 11–14% to 2.5–4% for the
di↵erent samples.

Far detector event selection and data. — Events at
the far detector are required to be time-coincident with
the beam and to be fully contained in the SK inner de-
tector, by requiring limited activity in the outer detec-
tor. A newly-deployed Cherenkov-ring reconstruction al-
gorithm, previously used only for neutral current (NC)
⇡0 background suppression [37], is used to classify events
into five analysis samples, enriched in: (⌫ )

µ CCQE; (⌫ )

e

CCQE; and ⌫e CC1⇡+ where the ⇡+ is below Cherenkov
threshold. The reconstruction algorithm uses all the in-
formation in an event by simultaneously fitting the time
and charge of every photosensor in the detector. This
results in an improved resolution of reconstructed quan-
tities and particle identification.

The fiducial volume is defined for each sample in terms
of the minimum distance between the neutrino interac-
tion vertex and the detector wall (wall) and the distance
from the vertex to the wall in the direction of propaga-

tion (towall). These criteria are optimized taking into ac-
count both statistical and systematic uncertainties, with
the systematic parameters related to ring-counting and
e/µ, e/⇡0 and µ/⇡+ separation being constrained in a fit
to SK atmospheric data. Other systematic uncertainties
related to the modeling of the far detector are estimated
using non-neutrino control samples in the same way as
previous T2K publications [37].

The ⇡0 and ⇡+ NC suppression cuts are optimized by
running a simplified oscillation analysis [38] on a simu-
lated data set and choosing the criteria that minimize
the uncertainty on the oscillation parameters.

All selected events are required to have only one
Cherenkov ring. For the (⌫ )

µ CCQE-enriched samples, the
single-ring events are further required to have wall >
50 cm and towall > 250 cm; be classified as µ-like by
the µ/e separation cut; have a reconstructed momentum
greater than 200 MeV/c; have up to one decay-electron
candidate; and satisfy the ⇡+ rejection criterion. Af-
ter these selection cuts are applied, 240 events are found
in the neutrino-mode data and 68 in antineutrino-mode
data, with an expectation of 261.6 and 62.0, respectively,
for sin2✓23 = 0.528 and �m2

32 = 2.509 ⇥ 10�3eV2/c4.
The Erec distributions for the data and best-fit Monte
Carlo are shown in Figure 2.
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FIG. 2. Reconstructed neutrino energy distributions at the
far detector for the ⌫µ CCQE (left) and ⌫̄µ CCQE (right)
enriched samples with total predicted event rate shown in
red and neutral-current background contribution in blue. Ra-
tios to the predictions under the no oscillation hypothesis are
shown in the bottom figures.

The (⌫ )

e CCQE-enriched samples contain e-like events
with no decay electron candidates, that pass the ⇡0 rejec-
tion cut, have wall > 80 cm, towall > 170 cm, momen-
tum > 100 MeV/c, and a reconstructed neutrino energy
(Erec) lower than 1250 MeV. Erec is calculated from the
lepton momentum and angle assuming CCQE kinemat-
ics. The ⌫e CC1⇡+-enriched sample has the same se-
lection criteria with the exception of the fiducial volume

(a) Reconstructed neutrino energy distributions for the νµ
(left) and ν̄µ (right) samples with the total predicted event
rate shown in red. Ratios to the predictions under the
no-oscillation hypothesis are shown in the bottom figures.

(b) The 68% (solid) and the 90% (dashed) constant −2 lnL
confidence regions in the |∆m231,32| − sin2 θ23 plane for
normal (black lines) and inverted (red lines) orderingusing
the reactor measurement prior on sin2(2θ13).

Figure 1.10: Constraints on PMNS matrix parameters |∆m231,32| (∆m232 or ∆m213 assuming the normal
or inverted ordering, respectively) and sin2 θ23 in neutrino oscillations measured by T2K. Figures and
descriptions were adapted from Ref. [87].

minimum around the reconstructed energies of 0.6GeV is the so-called first oscillationmaximum,
optimizing both the disappearance and appearance signals.

Since the birth of T2K and its early achievements, its scientific program has evolved and
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pursued more challenging and progressive neutrino measurements. These advancements in-
clude significant stress, which the collaboration put on incorporating the theoretical progress in
understanding the structure of neutrino-nucleus interactions and its impact on the systematic
uncertainties in oscillation analyses. In this scope, the analyzers performed many ND280 cross
section measurements with different event topologies, kinds of scattering neutrinos, and targets:
hydrocarbon, water, and Iron, all of that trying to provide experimental data with as little model
dependency as possible. Such an attitude popularized cleaner neutrino scattering experimental
topologies, e.g., CC0π (CCQE-like) with a charged lepton, nucleons but no pions in the final
state, making no assumptions on pion absorption coming from interaction channels other than
the quasielastic one. This approach strengthens the cooperation between the experimental and
theoretical fields of neutrino-nucleus interactions, effectively communicating through the models
implemented in MC neutrino event generators used in data analyses. Over the last ten years,
this open-minded strategy and continuous data-taking have brought T2K into the precision era of
neutrino measurements. An advent of it came with establishing constraints on the CP-violating
δCP phase, excluding some of its values at the 3σ confidence level [85]. We present these results in
Fig. 1.11,where the left panel contains the statistics of electron (anti)neutrino appearancemeasured
in SK, and the right panel provides the results of the performed oscillation analysis. We expect to
further develop this remarkable achievement in the future experiment Hyper-Kamiokande which
is currently under construction. Upon completion in 2027, we expect it to provide a significant
upgrade in experimental statistics that, combined with our acquired experience, might allow us
to solve the puzzle of the CP violation in the leptonic sector [50].



1.2. EXPERIMENTAL STUDY OF NEUTRINO PROPERTIES 19

(a) (Top) reconstructed neutrino energy spectra for
the Super-Kamiokande samples containing electron-like
events in neutrino-mode beam running; (bottom) the same
quantity for the antineutrino beam mode. The solid-
stacked histogram shows the predicted number of events
in the δCP = 0 scenario, separated according to whether
the event was from an oscillated neutrino or antineutrino,
or from a background process. The dashed lines show the
total predicted number of events for the two most extreme
CP-violating parametrizations of the oscillation formula.

(b) Constraints on PMNS oscillation parameters. (Top)
2D confidence intervals at the 68.27% confidence level for
δCP vs. sin2 θ13 in the preferred normal neutrino mass or-
dering. (Middle) 2D confidence intervals at the 68.27%
and 99.73% confidence level for δCP vs. sin2 θ23 from
the T2K+Reactors fit in the normal mass ordering, with
the color scale representing the value of negative two
times the logarithm of the likelihood for each parameter
value. (Bottom) 1D confidence intervals on δCP from the
T2K+Reactors fit in both the normal (NO) and inverted
(IO) orderings.

Figure 1.11: Constraints on matter-antimatter symmetry-violating phase δCP in neutrino oscillations mea-
sured by T2K. Figures and descriptions were adapted from Ref. [85].
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1.3 Theoretical picture of neutrino interactions

Neutrinos are electrically neutral and couple to other particles only weakly. Thus, the only
method of understanding whether and how they have interacted with matter is by analyzing the
final states composed of directly detectable particles, such as muons, electrons, protons, pions,
or nuclear clusters [88]. In accelerator-based neutrino oscillation experiments, the investigated
events are neutrinos scattering off nuclear targets, which makes the theoretical predictions of
neutrino-nucleus interactions vital for obtaining any physical conclusions [89]. The history of the
developments in this field is inherently connected with electron-nucleus scattering physics, as the
twoprocesses sharemany similarities [90]. On the leptonic side, the electromagnetic interactions of
electrons occur through the vector-structured current, equivalent to the one for neutrinos, which,
with the axial-vector part on top, combine into the weak interaction. On the hadronic side, the
initial nuclear state is the same in the two processes, while the transition and the final state slightly
differ due to the charge provided in the charged-current interaction. These apparent similarities
bring us to the conclusion that a prerequisite of a successful neutrino-nucleus interaction model is
validation against electron scattering data. Therefore, both lepton-nucleus interaction dynamics
must be studied exhaustively, and one should not overlook their physical resemblance.

The theoretical foundation for describing lepton-nucleus scattering processes was laid fairly
soon after Dirac formulated his equation for the relativistic electron. In 1929, Sir Nevill Mott
derived the cross-sectional formula for the scattering of Dirac particles by point-like nuclei [91].
Almost a century later, we still describe modern theories, which include sophisticated details of
nuclear structure, relative to his basic quantum-mechanical definition. The fundamental variables
defining the process of a lepton of energy E and momentum ~k scattering to a lepton of energy E′

and momentum ~k′ at a deflection angle θ′ are the energy transferω = E− E′ and the momentum
transfer ~q = ~k − ~k′. These quantities are "transferred" to the hadronic system, which is why
nuclear physicists try to answer the question: what is the "response" of the target nucleus?
However, to solve this problem, wemust rely on a specific set of assumptions and approximations.
Considering the strength of the interaction, especially the weak one, we can introduce the first
theoretical concept—the Born approximation, which requires that only one boson is exchanged.
Then, one can interpret ω and ~q as the energy and momentum of the exchanged boson, and
define an invariant quantity Q2 = −q2 = ~q2 − ω2, interpreted as its negative mass squared.
For the electromagnetic case, the limit of Q2 → 0 means exchanging real, massless photons that
require a different kinematical framework and will not be discussed here. Having established the
one-boson exchange picture, the next step in obtaining a comprehensive theory is understanding
the physical scales relevant to the lepton-nucleus scattering process and defining a suitable set of
hadronic degrees of freedom. The resolution of the boson penetrating the nucleus is related to
its De Broglie wavelength (λ ∝ 1/|~q|). For accelerator-based neutrino oscillation experiments, the
neutrino projectile energies are of the order of hundreds of MeV to a few GeV, which translates to
size ranges starting from a few to tiny parts of femtometers. As presented in Fig. 1.12, this means
that such lepton interactions require applying different formalisms: the coherent nucleus, e.g.,
Carbon with its radius of' 6 fm, then individual nucleons with their radii below 1 fm, and finally
the partonic (quark) substructure of nucleons for the most energetical processes. For interactions
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with the same final states, a consistent transition between these frameworks is challenging and
usually a subject of phenomenology.

Figure 1.12: Hadronic degrees of freedom applied in modeling neutrino-nucleus interactions in the energy
range suitable for accelerator-based neutrino oscillation experiments.

The most straightforward approach to lepton scattering off nuclei and individual nucleons is
assuminga (quasi)elastic process. For nuclei, it results in a low-energetic deflectionof the incoming
lepton, while for bound nucleons, usually in the target nucleon knock-out. However, we cannot
apply this logic to quark degrees of freedom, as their binding inside nucleons is significantly
stronger than nucleons inside the nucleus, and they are not free particles asymptotically. Then,
by transferring more energy to the hadronic system, we encounter the lightest mesons—pions
(mπ ' 135 − 140 MeV/c2), the first particle to lift excess energy above the (quasi)elastic interac-
tion. Production of pions starts already for leptons deflecting off the whole nuclei in a process
called coherent pion production [92]. Next, pions are a common component of lepton-nucleon
interaction as both a direct interaction yield (background terms in single-pion production) or a
product of decaying nucleon resonances excited in the process, such as the ∆(1232) [93]. Accord-
ing to the meson-mediated interpretation of the strong nucleon-nucleon interaction, pions also
appear as virtual particles in the nuclear medium. An interaction involving such a pion leads
to knocking out both nucleons, whose interaction this pion mediates, and leaving the nucleus
with two holes (2-particle-2-hole final state) [94]. Finally, we model interactions using partonic
(quark) degrees of freedom following the deep-inelastic scattering (DIS) framework that leads
to ripping the target nucleon apart and creating final states involving diverse hadrons [95]. The
shallow-inelastic region (SIS) between the nucleon-based single-pion production (SPP) and the
DIS formalism is an extremely difficult-to-model part of phase space that involves a smooth tran-
sition between the different scales of physics [96]. The assumption, dominant in the mechanisms
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Figure 1.13: Magnitude of the nuclear response in neutrino scattering as a function of the energy transferred
by the neutrinoprobe (ω). The particular dynamics are: "Coherent"—an elastic neutrino-nucleus scattering,
"GR"—excitation of the target nucleus into its resonant states, "Elastic" and "QE"—(almost) elastic neutrino-
nucleon interactions where the target is free or bound, respectively, "∆" and "N∗"—excitations of the target
nucleon into its resonant states, "DIS"—a collection of channels with partonic degrees of freedom; and "2N"
represent multiple dynamics that cause two-nucleon knock-outs. Diagrams on top present different final
states encountered in charged-current neutrino-nucleus scattering, where apart from a charged lepton and
the residual nucleus, one can find (from left): no other particles, one nucleon, two nucleons, or one nucleon
and one pion in the final state.

mentioned above, that the nuclear response is an incoherent sum of interactions happening on
individual nucleons, i.e., that nucleons are the essential degrees of freedom, is called the impulse
approximation (IA). In Fig. 1.13, we summarize the channels of lepton-nucleus interactions relative
to their free nucleon target analogs. The presented intermediate-energy scattering physics is a
complex many-body problem intersecting nuclear and particle physics. In this domain, bringing
accurate theoretical predictions requires a proper understanding of free nucleon target interac-
tions and nuclear dynamics of the hadronic system over the vast phase space of lepton scattering
experiments.

Independently of a specific modeled interaction, it is essential and educative to understand
the kinematics based on the final particles detected in the process. We can perform this exercise
by evaluating the number of independent variables needed to describe a particular interaction
phase space. As presented in Table 1.2, there are several particles and effects that we need to
take into account. In an example process, the initial state consists of an interacting leptonic probe
and the target nucleus, while the final state includes the scattered lepton, which we sum over its
possible spins, an undetected, excited remnant system, and an arbitrary number of N detected
hadrons. All these particles and hadronic systems constitute 16 + 4N unknown variables, 4 for
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Unknown particle 4-vectors Variables

Initial lepton 4

Target nucleus 4

Final lepton 4

Remnant nucleus 4

Outgoing hadrons 4N

16+ 4N

Physical effects Variables

Particles on-shell −(3+N)

4-momentum conservation −4

Target rest-frame −3

Fixed projectile direction −2

Fixed incoming energy −1

−13−N

3+ 3N

Table 1.2: Counting the number of independent variables describing lepton-nucleus interactions while
detecting N hadronic particles in the process, summing over the spin of the outgoing lepton, and leaving
the remnant nucleus undetected.

every four-momentum involved. Then, we can think of particular equations constraining the
process that will reduce the number of independent variables. All on-shell particles have a known
relation between their energy and momentum (E2 = p2 + m2), which reduces the number by
3 + N. Note that the undetected remnant nucleus is a hadronic system whose excitation is an
additional degree of freedom and cannot be constrained this way. The following constraints
come from the energy and momentum conservation laws, contributing to eliminating 4 variables.
Finally, there are methods to optimize the scattering conditions: working in the target rest frame,
fixing the coordinate system relative to the projectile, and selecting the incoming lepton energy.
They allow us to reduce the number of variables by 6 to the final number of 3 + 3N independent
variables needed to obtain complete information about each scattering event. This formula shows
that the process phase space grows by 3 dimensions with every additional detected particle in
the final state, which explains the increasing difficulty in modeling more complex lepton-nucleus
scattering processes.

To further illustrate this, we look at the most crucial quantity—the cross section (σ), directly
proportional to the interaction probability for the given set of independent variables. We com-
monly write it in its differential forms, where every derivative is responsible for behavior over a
specific degree of freedom. For example, a differential cross section d2σ/dΩ is proportional to
the probability of finding an outgoing particle in the (two-dimensional) solid angle Ω. Table 1.3
presents example formulas for cross sections of different scattering channels discussed before.
Note that the dimensionality of these formulas is always lower by 1 degree from the total num-
ber of independent variables for each process. It stems from one more global symmetry, which
states that a rotation of the whole system should leave the cross section unchanged, effectively
eliminating one φ angle. In the table, we can see how the effects described before play a role in
the dimensionality of each formula: an excited final state leading to one more, and every particle
detected leading to 3 additional variables. Moreover, we interpret the particular cross sections
differently, depending on the investigated dynamics of the interaction. For example, if we model
lepton-nucleus scattering with two nucleons knocked-out to the continuum, the 8-dimensional
formula is called the exclusive cross section due to the complete information about each event.



24 1. INTRODUCTION

Target Process Properties Example formula

Free nucleon

(Quasi)elastic N = 0, all particles on-shell dσ
dQ2

Inelastic N = 0, excited hadronic system d2σ
dQ2dW

SPP N = 1, all particles on-shell d4σ
dQ2dWdΩπ

Nucleus

Inclusive N = 0, all hadrons integrated d2σ
dΩ′

1p1h N = 1, detected one nucleon d5σ
dE′dΩ′dΩN′

2p2h N = 2, detected two nucleons d8σ
dE′dΩ′dEN′dΩN′dΩN ′′

SPP N = 2, detected nucleon and π d8σ
dE′dΩ′dEπdΩπdΩN′

Table 1.3: The dimensionality of cross section formulas for the most basic lepton scattering scenarios, off
the free nucleon or on the nucleus.

Integrating over one of the nucleons, which experimentally means detecting only one of them, we
calculate the semi-inclusive (semi-exclusive) cross section. Finally, by integrating over all hadrons
and detecting only the final lepton, we examine the inclusive cross section. As discussed in Section
II, the phase space of independent variables needed to describe a particular event grows with 3
dimensions for every particle detected in the final state. It is a common approach to tabularize
models, which are too computationally demanding to be explicitly implemented in the generators.
Analogously, for 1-particle-1-hole (quasielastic) processes, one nucleon detected in the final state
leads to an exclusive cross section. This discussion shows that providing theoretical predictions
for lepton-nucleus interactions requires calculations across a multidimensional phase space of
potential event kinematics with different occurrence probabilities.

Many-body nuclear problem

One can perceive the lepton-nucleus scattering process in three different yet interconnected stages:
the properties of the initial nuclear state, the (one-boson) interaction dynamics, and the final state
interactions of knocked-out nucleons and produced pions. As the middle one is the very subject
of this thesis, at this point, we will focus on the more philosophical aspects of nuclear modeling.
Fig. 1.14a presents a typical behavior of the nucleon-nucleon strong interaction potential, with
a hard repulsive core while approaching r12 → 0 and an attractive dip around r12 ' 1 fm.
Comparing these values to the size of nucleons (≈ 1 fm), we conclude that treating boundnucleons
independently in an averaged mean-field-like potential is justified. This approach, called the
independent-particle model (IPM), involves a standard approximation to study intermediate-energy
nuclear processes. As the simplest possible IPM-like solution, one can think of a Fermi gas of
nucleons (FG) [97], parametrized through the Fermi momentum:

pF =
(
3π2ρavg

)1/3
, (1.3.1)
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(a) A schematic view of the nucleon-nucleon potential
V(r12) as a function of the internucleon distance r12, with
the ranges involving different virtual mesons.
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(b) A shell model picture used to describe the nucleus,
where the gray and blue lines present the mean-field nu-
clear potential U(r) and nucleon energy levels, respec-
tively.

Figure 1.14: Nucleon-nucleon physics on the scale of (left) individual particles and (right) the nucleus.

where ρavg is the average nuclear density for a given nucleus. In this model, nucleons compactly
occupy energetic levels below the Fermi energy (EF =

√
p2F +M

2
N) and are subject to themotion of

randomnature. However successful in reproducing specific basic properties of inclusive reactions,
this model fails to grasp the complexity of nuclear behavior, leading to many inconsistencies. The
more appropriate approach to obtaining a realistic model is to derive the mean-field nuclear
potential explicitly. The nucleons embedded within are subject to averaged-out forces assuming
that direct nucleon-nucleon correlations are merely a subsequent correction. Supposing we work
in a non-relativistic framework, these nucleons are solutions φa to the one-body Schrödinger
equation:

(T +U(r))φa(r) = εaφa(r), (1.3.2)

where T describes the kinetic energy,U(r) the average field, and ε the single-particle energy. Then,
we write the model Hamiltonian for the A independent nucleons as

H0 =

A∑

i=1

(Ti +U(ri)) =

A∑

i=1

h0(i), (1.3.3)

its eigenfunctions as

Φa1,...,aA(r1, ..., rA) =

A∏

i=1

φai(ri), (1.3.4)

and the corresponding energy eigenvalue as

E0 =

A∑

i=1

εai(ri). (1.3.5)
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However, such a wave function Φ does not fulfill the Pauli exclusion principle yet, and therefore,
we write it in a Slater determinant form:

Φa1,...,aA(r1, ..., rA) =
1√
A!

∣∣∣∣∣∣∣∣
φa1(r1) . . . φa1(rA)

... . . . ...
φaA(r1) . . . φaA(rA)

∣∣∣∣∣∣∣∣ . (1.3.6)

Here, we note that we do not know the mean-field potential U(r) explicitly, and to obtain it from
the chosen parametrization of nucleon-nucleon interaction, one has to start from the more general
Hamiltonian:

H =

A∑

i=1

Ti +
1

2

A∑

i=1

Vij, (1.3.7)

restricted to two-body interactions only, for educative purposes. Now,we can include the potential
U(r) again to obtain the following:

H =

A∑

i=1

(Ti +U(ri)) +

(
1

2

A∑

i=1

Vij −

A∑

i=1

U(ri)

)
= H0 +Hres =

A∑

i=1

h0(i) +Hres, (1.3.8)

whereH0 describes themotion ofA nucleons, independent of each other in the same average field.
The smaller the effect ofHres, the better the assumption of an average, independent field becomes.
FordeterminingU(r), starting fromaknownVij andaSlater determinantA-nucleonwave function
that is a good approximation to the total ground state wave function for the full Hamiltonian H,
we rely on the Hartree-Fock method [98]. Solving a radial potential in a spherically-symmetric
system inevitably leads to discrete energy levels in the shell model, depicted in Fig. 1.14b. The
resulting single-nucleon wave functions are the essential input to further theoretical calculations.
One can also use the described philosophy of nuclear modeling in the relativistic approaches,
where one solves a Dirac equation with scalar-vector potentials [99].

After establishing basic knowledge of the nuclear states involved in lepton-nucleus scattering,
we can look at the other side of this process and the fate of the resulting final states. The simplest
solution is to assume that the outgoing hadrons are not subject to reinteractions, which we call
the plane-wave impulse approximation (PWIA). This picture is a potent tool, allowing for decent
theoretical consistency on the level of lepton scattering off bound nucleons, leaving the final-state
interactions (FSI) of outgoing nucleons and produced pions as a separate modeling task. As
shown explicitly in Ref. [100], PWIA allows for the factorization of the lepton-nucleus cross section
as a formula involving scattering off individual off-shell nucleons folded with the probability of
finding such targets in the nucleus. Under these assumptions, for the quasielastic process, we can
write an inclusive cross section in the general form of

d2σ
dωd|~q| = K

∫
dE d3~p S(E, |~p|) LµνHµν, (1.3.9)

where K combines lepton-specific prefactors, and S(E, |~p|) is called the hole spectral function. Lµν
and Hµν are tensors describing dynamics of the leptonic and single-nucleon hadronic parts of
the interaction, respectively. Note that the property allowing for such an LµνHµν separation
stems directly from applying the one-boson exchange Born approximation and is a fundamental
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Figure 1.15: Proton separation energy spectra for the 16O(e, e′p) reaction, with different recoil momentum
bins [101].

property of any processes discussed here. The arguments of the spectral function S(E, |~p|), which
provides the nuclear information for our calculation, are related to the hole state left after the
nucleon knock-out: the remnant nucleus excitation (separation) energyE and its recoilmomentum
magnitude |~p|. The spectral function does not depend on the direction of ~p because we interpret
it as the Fermi motion that is rudimentary random. In Fig. 1.15, we present an example of
experimental measurement of the function S in exclusive electron scattering on Oxygen, with
a dominant role of the shell structure of the nucleus, especially the so-called 1p1/2 and 1p3/2
states. However, one can see a part of the signal distributed between the highlighted shells, which
we have not incorporated in the framework mentioned above. The lowering and spreading of
the single-particle strength are caused by the nucleon-nucleon correlations, a relevant correction
to the mean-field nuclear picture. Known attempts to model this phenomenon involve: using
spectroscopic factors that reduce the shell normalization [102], dedicated calculations carried out
in the local-density approximation [103], or dynamic mechanisms with additional diagrams and
phenomenological interactions [104].

The PWIA theoretical picture, incoherently combined with models that carry out inelas-
tic hadron-nucleus FSI, proved reasonably accurate [105]. However, one should pay attention
to the importance of the final-nucleon distortion, which, modeled in a consistent quantum-
mechanical way, also affects the kinematics of the outgoing lepton. It is vital for successful
electron scattering data comparison (even for inclusive analyses) and leads to non-trivial effects
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in neutrino interactions [106]. Schematically presented in Fig. 1.16, the approximation in which
the knocked-out nucleon is subject to nuclear potential is called the distorted-wave impulse ap-
proximation (DWIA). Here, the fundamental approach considers outgoing nucleons in terms of
continuum states of the used nuclear potential. Apart from non-relativistic solutions, the same
holds for relativistic models, such as the relativistic mean field (RMF). Nevertheless, it is not trivial
how to consistently combine this approach with the effects of inelastic nucleon-nucleus interac-
tions. One can rely on phenomenology and incorporate these effects through optical potentials
or the Glabuer approach [107]. However, these models cannot describe the diverse multiplicity
of final states but only provide the averaged reduction in the investigated channel. Combin-
ing the quantum-mechanical consistency in modeling the lepton-nucleus interaction with the
experimentally-desired predictions for the different kinds of exclusive final states is challenging
and of great interest in the community [108].

Figure 1.16: (Left) a complete description of the lepton-induced one-nucleon knock-out, (right) the
distorted-wave impulse approximation that considers the distortion of the outgoing nucleonwave function.
Diagrams adapted from Ref. [109].

Constraints

The crucial component of any successful intermediate-energy lepton-nucleus scattering theory
lies in understanding the process involving individual nucleon targets. Over the years, this has
been extensively studied in electron scattering experiments to constrain electromagnetic form
factors of nucleons. This relates to both the elastic properties [110] and nucleon resonances [111].
We use the acquired knowledge to model neutrino interactions, keeping in mind that the change
in the nucleon type requires certain modifications, i.e., a rotation in nucleon isospin space. Then,
there are no easy ways to directly constrain the nucleon response to the axial-vector part of the
neutrino interaction. Due to poor experimental knowledge, these axial-vector form factors are
among the largest sources of uncertainty for neutrino oscillation measurements. However, this
may change with modern, clever approaches, such as the latest measurement by the MINERvA
experiment [112]. Additionally, we must model these nucleon targets as bound in a nuclear
medium and their interactions in an off-shell manner. Although there are a few theoretical
and numerical solutions, such as the De Forest prescription for the quasielastic process [113] or
the Oset-Salcedo in-medium effects for ∆(1232) resonances [114], understanding the physics of
combining the dynamics of particle projectiles and nuclei is challenging.

Constraining the nuclear dynamics itself also requires tremendous efforts and extensive com-
parisons to electron scattering data. An educative example of probing nuclear structure comes
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from spectral functions, which we extract in specific kinematics that reduce the effect of final-state
interactions to isolate the initial nuclear dynamics according to the plane-wave impulse approx-
imation [115]. However, no matter the efforts, such a result will only provide an approximate
picture of the nucleus, as trails of FSI will always remain. Also, the phenomenological nature of
the nucleon-nucleon correlations involved does not specify the true dynamical effects and makes
any interpretation above 1p1h inclusive scattering unclear. Using optical potentials helps to cor-
rect our understanding of processes happening in the nuclear medium [116], but their consistent
application to PWIA models still needs to be resolved [117]. Alternatively, one can think of other
methodsof buildingnucleardynamics fromfirst principles and incorporating thenucleon-nucleon
potential without any mean-field approximations. The ab initio approach provides extraordinary
results for inclusive reactions [118] but struggles with enormous numerical demands. Never-
theless, no matter the method used and the approximations applied, studying lepton-nucleus
scattering requires careful analyses of experimental data and humble interpretations of nuclear
effects.

1.4 Monte Carlo neutrino event generators

In the energy region covered by accelerator-based neutrino experiments, we generally consider
knowing the neutrino-nucleus scattering cross section with a precision not exceeding 20% [89].
This number provides the general scale of tensions between the theoretical calculations and ex-
perimental analyses. Monte Carlo neutrino event generators are the tools that span the bridge
connecting the two fields. As described in Section 1.2, they are essential experimental means
to understand the neutrino-nucleus interaction systematics and carry out experimental analyses,
serving as a theoretical prediction in the experimental format. The generators use the probabilistic
MC method to mimic experimental events distributed throughout the phase space according to
differential cross sections governing particular neutrino-nucleus scattering dynamics. This idea
assumes that, provided large enough statistics, repeated random sampling that introduces ran-
domness in individual model components results in distributions describing a complex process.
In practice, we perform these calculations in two steps. In the first one, we integrate the cross
sections to obtain global normalization factors, which also provide the balance between partic-
ular interaction channels. In the second step, we use the accept-or-reject algorithm to generate
events with complete experimental kinematics relative to respective maximum differential cross
section values. The numerical speed of this process relies on the sampling efficiency (ratio of
accepted to generated events) and the dimensionality of the simulated phase space. The genera-
tors commonly used in the accelerator-based neutrino experiments community are: NuWro [119],
NEUT [120], GENIE [121], and GiBUU [122]. Moreover, recent approaches include developing
the ACHILLES [123] generator and adapting the INCL cascade model [88] to simulate certain
neutrino reactions. Although these codes differ in details of the algorithmic structure and the
physical models applied, they follow the basic principle of the Monte Carlo method to generate
events in a format suitable for experimental analyses.

As shown in Fig. 1.17, Monte Carlo neutrino event generators rely on the plane-wave impulse
approximation to factorize the modeling framework. This approach might look oversimplified,
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Figure 1.17: Neutrino-nucleus scattering in the factorized scheme, as modeled by Monte Carlo neutrino
event generators.

considering the theoretical advancements described before. However, these models originate in
the electron scattering community, and there are significant philosophical differences between
electron and neutrino scattering experiments, which force their analyses to tackle different prob-
lems. In electron scattering, we control the projectile energy, and as the interaction probability
is relatively high, we can allow ourselves to investigate isolated parts of the phase space. Con-
strainingω and ~q variables, we gain access to the full leptonic kinematics and providemeaningful
inclusive or exclusive data. In neutrino experiments, we know the incoming energy only as
a distribution, and the acquired statistics drastically limit our precision. This means that MC
generators must be able to provide predictions for all interaction channels relevant to the broad
incoming neutrino fluxes, describing all possible final state topologies. In other words, they need
to model neutrino-nucleus interactions in their full exclusive complexity, which is an extremely
demanding computational task.

NuWro

Since 2005, the theoretical group of the University of Wroclaw has developed NuWro as a com-
prehensive Monte Carlo lepton-nucleus event generator [119], optimizing it for use in accelerator-
based neutrino oscillation experiments, i.e., the few-GeV energy region. Depending on the energy
transferred from the interacting leptonic probe to the hadronic system, NuWro provides quasielas-
tic (QE) [124], hyperon production (HYP) [125], single-pion production (RES), and more inelastic
channels (DIS) [126] for scattering off free nucleons. After including complex nuclear targets, ad-
ditional channels such as two-body processes (MEC) [127], coherent pion production (COH) [92],
and neutrino scattering off atomic electrons (LEP) [128] are included. The framework utilizes
various nuclear models to provide predictions for the dynamics of target nucleons (e.g., global or
local Fermi gas, spectral functions [129,130], or a momentum-dependent nuclear potential [124].
Finally, FSI are simulated by an intranuclear cascade that propagates the outgoing nucleons [105]
and produced pions [131] through the residual nucleus. Fig. 1.18 provides a schematic blueprint
of the physics implemented in NuWro.
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Figure 1.18: The physics blueprint of the NuWro Monte Carlo neutrino event generator according to the
factorized scheme of modeling neutrino-nucleus interactions.

As discussed before, we rely on the PWIA picture to model the lepton-nucleus interaction.
In the quasielastic interaction channel, this approximation factorizes the one nucleon knock-
out processes into the interaction on a single off-shell nucleon convoluted with a particular hole
spectral function (SF). The approach relies on the calculation byO. Benhar et al. [129] that considers
the electron scattering input to the single-particle wave functions and adds the correlated part
evaluated within the local density approximation. Additionally, in this model, the prescription
by A. Ankowski et al. [117] is applied to go beyond the factorized picture and account for the
effects of distorting the final nucleon wave function by an optical potential. Alternatively, the
target nucleons can be treated as constituting the ideal Fermi gas, parametrized through nuclear
density or its average value and referred to as local (LFG) or global Fermi gas (FG), respectively.
Finally, the primary interaction vertex is constrained by the conserved vector current (CVC) and
partially conserved axial current (PCAC) hypotheses. The default set of vector form factors is
provided by the BBBA05 parametrization [110], while the axial form factor has a dipole shape
with gA = 1.267, and the axial mass parameterMA = 1.03GeV/c2. However, other popular form
factor parametrizations are also available.

The NuWro single-pion production model combines the contribution from the ∆(1232) res-
onance excitation [132] with a non-resonant background obtained by extrapolating the DIS con-
tribution to lower values of invariant hadronic mass W, blended incoherently in the region
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W ∈ (1.3, 1.6) GeV/c2 [126]. The generated events follow the double-differential cross sections
d2σ/dQ2dW for both the resonant and non-resonant parts. On top of that, for the former, the
model obtains the pion angular distributions (Ωπ) using the parametrized ones measured by the
BNL bubble chamber experiment [133], while for the non-resonant part, obtains the kinematics
using the PYTHIA6 hadronization routines [134]. Alternatively, one can use the parametrization
obtained by the ANL experiment [135]. This model has been exhaustively compared to numer-
ous pion production datasets obtaining adequate accuracy of theoretical predictions [136,137].
Unfortunately, due to many physical similarities and their competition for the same part of the
phase space, it is experimentally challenging to distinguish the RES and MEC interactions [138],
especially in inclusive neutrino scattering processes. The NuWro implementation of two-nucleon
knock-out dynamics relies on tabularized inclusive nuclear responses. We provide the models
by the Valencia [139] and Granada (SuSA parametrization) [140] groups and can reproduce their
d2σ/dωd|~q| differential cross sections. However, this solution lacks essential information about
the dynamics of the outgoing nucleons; for that, we use the phase space model of Ref. [141].
Additionally, we have implemented a different, Transverse-Enhancement model of GENIE [142],
which increases transverse quasielastic responses to account for the 2p2h strength. Finally, NuWro
contains an independent Valencia-model-based data-driven solution [127], which maximizes the
accuracy in reproducing T2K and MINERvA inclusive data under an assumption of all discrep-
ancies originating in the 2p2h dynamics.

Modeling final-state interactions is a challenging many-body problem that bears a tension
between numerical efficiency and the accuracy of nuclear calculations. NuWro solution is based
on seminal papers by N. Metropolis et al. [143,144], which describe an algorithm of the space-like
cascade model, and apply up-to-date physics ingredients. In this approach, mean-free paths are
attributed to the particles propagated in straight lines with steps of ∆x through a continuous
medium. Such Monte Carlo sampling uses the standard non-interaction probability formula:

P(∆x) = exp(−∆x/λ), (1.4.1)

where λ = (ρσ)−1 is the mean-free path calculated locally, expressed in nuclear density ρ and an
effective interaction cross section σ. The maximal step of ∆x = 0.2 fm is sufficient to grasp the
structure of commonly used density profiles. By default, the nucleons constituting the nuclear
medium originate from the LFG model and meet its Pauli blocking rules (applied on an event-
by-event basis). The cascade terminates when all the moving hadrons leave the nucleus or do
not have enough kinetic energy and are stuck in nuclear potential (with the nucleon separation
energy of their Fermi energy plus 7 MeV). The remnant nucleus is left in an excited state, and
we do not attempt to model its deexcitation. Additionally, we utilize the pion-nucleon interaction
dynamics from the model of L.L. Salcedo et al. [145]. This aspect and the formation zone effect for
the inelastic scattering channels have been presented and compared to data in Ref. [131].

Constraints

As we venture into the precision era of neutrino measurements, Monte Carlo neutrino events
generators are expected to provide efficient theoretical predictions resulting from sophisticated
and accurate neutrino-nucleus scattering models. Hence, applying our knowledge of nuclear
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physics to all relevant interaction channels is crucial. So far, the quasielastic interactions have
focused the community’s attention, allowing us to implement various solutions beyond the Fermi
gas picture [146,147]. In this scope, T2K started using the spectral function formalism in their
latest oscillation analyses [86]. However, such amodel is practical once its implementation involves
direct access to its internal degrees of freedom with a set of parameters we can reweight while
evaluating systematics in the analyses. This fact puts significant tension on any implementations
that rely on pre-computed assets without the ability to alter themodel parameters in real-time. As
we try to implement models beyond the PWIA, comprehensive solutions require computational
resources that are not currently attainable. We must significantly improve efficiency and the
general philosophy of model implementations in Monte Carlo generators. Without such progress
andusing frameworks that can consistently account for the final nucleondistortion, Pauli blocking,
and unitarity, wewill not be able to provide percent-level accuracy on neutrino-nucleus interaction
predictions.

The second challenge that the Monte Carlo neutrino event generators approach stems mainly
from the experimental development and the shift of emphasis to the exclusive neutrino mea-
surements. As discussed in Section 1.3, the phase space of independent variables needed to
describe a particular event grows with 3 dimensions for every particle detected in the final state.
It is a common approach to tabularize models, which are too computationally demanding to be
explicitly implemented in the generators. Unfortunately, tables with more than three dimen-
sions become considerably unmanageable, and one needs to find more efficient implementation
schemes. On top of that, comparison to exclusive data requires reasonable control of the inelastic
FSI of outgoing hadrons. It is still not firmly established how to merge two frameworks: the
quantum-mechanically consistent lepton-nucleus scattering, where the outgoing nucleon is sub-
ject to averaged nuclear potential, and the inelastic final-state modeling governed by in-medium
nucleon-nucleon interactions. Without the latter, generating the multiplicity of hadrons in the
final state, which we observe in neutrino measurements, is impossible.

1.5 Outline of the research

This research involves a novel, multidirectional approach to tackle the problems of neutrino-
nucleus interactions in the context of accelerator-based neutrino oscillation experiments. On the
theoretical side, we use the nuclear model of J. Ryckebusch, N. Jachowicz, et al., developed at Ghent
University, Belgium. This framework involves a non-relativistic, mean–field-basedmodel for both
the initial and final hadronic states, combinedwith one- and two-body nuclear currents [148–150].
Additionally, it utilizes the continuum random phase approximation (CRPA) to account for long-range
correlations through collective nucleon treatment in low-energy lepton-nucleus scattering [151].
Then, on the Monte Carlo event generators side, we use NuWro as an implementation framework
that allows for meaningful comparisons to neutrino data. Having expertise in both ends, we
attempt to study the dynamics of two nucleon knock-out channels and implement it in the MC
generator as precisely and efficiently as possible. The ultimate goal of this research is to bring
state-of-the-art nuclearmodels closer to being used by the accelerator-based neutrino experiments
community, especially for the needs of the T2K experiment.
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What will we address in this thesis?

This thesis focuses on the in-medium dynamics of nucleon pairs and their responses to electro-
magnetic and weak probes. In Chapter 2, we will describe the theoretical foundations of the
framework, which we have analytically and numerically validated, and adjusted to our specific
needs. Then, using the updatedmodel, wewill attempt to quantify the contribution of short-range
correlated nucleon pairs to interactions resulting in 1p1h and 2p2h hadronic final states. We will
approach this task by employing a dynamicmodel with phenomenological correlations that mod-
ify one-body nuclear currents. Subsequently, we will investigate explicit two-body currents with
meson-exchange currents in which no nucleon resonance occurs. In Chapter 3, we will extend
our model to incorporate meson-exchange currents involving isobar degrees of freedom. We will
constrain the complete model of one- and two-nucleon knock-outs via one- and two-body nu-
clear currents through electron scattering data and present its capabilities of providing inclusive,
semi-inclusive, and exclusive cross section predictions. In Chapter 4„ we will investigate the role
of short-range nucleon-nucleon correlations for inelastic final-state interactions modeled within
the intranuclear cascade model. We will exhaustively compare this model to exclusive (e, e′p)

experimental data, focusing on the measurements of proton transparency. In the last study, in
Chapter 5, we will describe a novel Monte Carlo algorithm for improving the implementation
efficiency of sophisticated interaction models. We will exemplify this approach by implementing
the Ghent model for the single-pion production off the nucleon target. Finally, we will also show
how the obtained 2p2h inclusive cross section model can be implemented in NuWro and com-
pared it to experimental neutrino data, therefore completing the bridge between the theoretical
and experimental sides of accelerator-based neutrino research.
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2
Theoretical framework

Our modeling aims to provide quantitative predictions for the probability of lepton-nucleus interactions
with a given final state. Such an observable which can be measured experimentally is called the cross
section, typically denoted as σ. Depending on the analysis, we usually express this quantity in the
differential form, e.g., d2σ/dΩ, which is proportional to the probability of finding an outgoing particle
in the solid angle Ω. We focus on processes where one or two nucleons are knocked-out from the target
nucleus due to an interaction with electron or muon-neutrino projectiles. Our methodology includes
the dynamics governed by both one-body and two-body nuclear currents. This chapter will discuss the
frameworkwe revised and tailored to suit our needs in providing neutrino-nucleus scattering predictions.

2.1 Differential cross sections

Describing the dynamics of intermediate energy leptons scattering off atomic nuclei is a complex
multidimensional problem involving several approximations and sophisticated modeling. Here,
we employ the Born picture, where an incoming electron or neutrino, denoted by ki = (εi,~ki),
exchanges only one boson with the hadronic system and turns into the observed final lepton,
denoted by kf = (εf,~kf). Wewill investigate the circumstances under which this interaction leads
to the following processes: the one-nucleon knockout

e+A→ e′ + R+N, (2.1.1)

νµ +A→ µ− + R+N, (2.1.2)

41
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and the two-nucleon knockout

e+A→ e′ + R+Na +Nb, (2.1.3)

νµ +A→ µ− + R+Na +Nb, (2.1.4)

where R = (A − 1)∗, (A − 2)∗, respectively. The asterisk denotes an excited nuclear remnant,
which we consider unstable by an excess energy up to tens of MeV. We denote the initial
and final hadronic states as PA = (EA,~PA) and PR = (ER,~PR), while the outgoing nucleons
are pN = (EN,~pN) (one-nucleon case) or pNa = (ENa ,~pNa), pNb = (ENb ,~pNb) (two-nucleon
case). Working in the laboratory frame, we consider the target nucleus to be at rest and write
PA = (MA, 0). Then, we define the four-momentum transfer q = (ω,~q) through

ω = Ei − Ef, ~q = ~ki − ~kf, (2.1.5)

and the invariant quantity Q2 = −q2 = (ki − kf)
2. As presented in Fig. 2.1, we work in the

coordinate systemwith ~q along the z-axis and the (lepton) scattering plane coinciding with the xz
plane. Fig. 2.1a and Fig. 2.1b present the angles definition for each outgoing particle in the one-
and two-nucleon knock-out, respectively.

φN

z

x
y

q(ω,~q)
ki(εi,~ki)

θ

kf(εf,~kf) pN(EN,~pN)

θN

(a) Kinematics of lepton-induced one-nucleon knock-out processes.

φNa

φNb

z

x
y

q(ω,~q)
ki(εi,~ki)

θ

kf(εf,~kf) pa(Ea,~pNa
)

θNa

pb(Eb,~pNb )
θNb

(b) Kinematics of lepton-induced two-nucleon knock-out processes.

Figure 2.1: Schematic view of the kinematical variables used in this work.

To derive convenient differential cross section prescriptions, we begin with the most general,
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relativistic formula in the Bjorken and Drell convention [1]:

dσ =
mi
εi

mf
εf

d~kf
(2π)3

d~PR
(2π)3

(∏
x

Mx

Ex

d~px
(2π)3

)
× (2π)4δ(4)(ki + PA − kf − PR − (

∑

x

px))
∑

i,f

|Mfi|
2,

(2.1.6)

where x iterates over one (N) or two (Na, Nb) knocked-out nucleons. This formula is differential
over the phase space of all outgoing particles, with the δ function ensuring four-momentum
conservation. The Mfi is a Lorentz scalar containing all the interaction dynamics, averaged over
the initial and summed over the final states. By default, this formula considers on-shell Dirac
fermions and their plane-wave normalization factors, e.g.,m/ε. In our model, the initial and final
leptons are on-shell, whereas the knocked-out nucleons are subject to the nuclear potential and
independently obtain explicit normalization factors relative to their plane-wave states. To complete
our description, we examine the nuclei involved in the process, and for the target nucleus, we
trivially obtain a factor ofMA/EA = 1. For the excited remnant, we define the effective mass as
M∗R =MR + Eexc, where the excitation energy Eexc is low enough to write ER/M∗R ' 1. Under the
described assumptions, the obtained formula is universal, and we will exploit it for investigations
of both the 1p1h and 2p2h processes.

By integrating the four-momentum-conserving δ function, we can reduce the number of
differentials, especially in the variables not accessible experimentally. Thus, we proceed by
integrating over the recoil of the nucleus and obtain

dσ =
1

(2π)2
mi
εi

mf
εf

d~kf

(∏
x

Mx

Ex

d~px
(2π)3

)
δ(εi +MA − εf − ER − (

∑

x

Ex))
∑

i,f

|Mfi|
2. (2.1.7)

We can also use the remaining function to integrate the magnitude of the momentum of an
outgoing nucleon. However, this requires using the following property

δ(f(x)) =
∑

x0

δ(x− x0)∣∣∣ dfdx(x0)∣∣∣ , (2.1.8)

where the values of x0 are the roots of the f(x) function. For the one-nucleon knock-out case, we
expand the δ function as

δ

(
εi +MA − εf −

√
(~q− ~pN)2 + (M∗A−1)

2 −
√
~p2N +M2

N

)
(2.1.9)

to integrate over the d|~pN| variable. This results in

dσ =
mi
εi

mf
εf

pNMN

(2π)5
f−11p1hd~kfdΩN

∑

i,f

|Mfi|
2, (2.1.10)

where we define the nucleus recoil factor as

f1p1h =

∣∣∣∣1+ EN
EA−1

(
1−

~p · ~q
p2N

)∣∣∣∣ . (2.1.11)
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We proceed analogically in the two-nucleon knock-out case, aiming to integrate over the d~pNb
variable. It leads to the following expansion

δ
(
εi +MA − εf −

√
(~q− ~pNa − ~pNb)

2 + (M∗A−1)
2 − ENa −

√
~p2Nb +M

2
N

)
. (2.1.12)

Then, we again use Eq. (2.1.8) and obtain

dσ =
mi
εi

mf
εf

MN

ENa

pNbMN

(2π)8
f−12p2hd~kfd~pNadΩNb

∑

i,f

|Mfi|
2, (2.1.13)

with the recoil factor

f2p2h =

∣∣∣∣∣1+ ENb
EA−2

(
1−

~pNb · (~q− ~pNa)

p2Nb

)∣∣∣∣∣ . (2.1.14)

In the ideal case of all momentum being transferred to the outgoing nucleon(s) and the residual
nucleus not having any recoil, the factors f1p1h and f2p2h approach unity.

The matrix element Mfi encapsulates the dynamics of the lepton-nucleus scattering and dic-
tates the physical meaning of this process. We use the Feynman rules in momentum space to
evaluate its properties, as presented in Fig. 2.2. We employ the following propagators

e(εi,~ki)

e′(εf,~kf)

A(EA,~PA)

B(EB,~PB)

γ∗(ω,~q)

igµν

Q2

ieJµlep −ieJνhad

(a) Electron-nucleus interaction.

ν(εi,~ki)

µ(εf,~kf)

A(EA,~PA)

B(EB,~PB)

W±(ω,~q)

igµν

M2W

−i g

2
√
2
J
µ
lep −i g

2
√
2

cos θcJνhad

(b) Charged-current neutrino-nucleus interaction.

Figure 2.2: Feynman diagrams for leptons scattering off atomic nuclei. The final hadronic system, denoted
as B, contains both the residual nucleus and the outgoing nucleons.

Pγµν =
igµν

Q2
, PWµν =

i
(
gµν −

qµqν
M2
W

)
M2
W +Q2

' igµν
M2
W

(2.1.15)

for the virtual photon and W boson, respectively. For the latter, we note that the mass of
the W boson is significantly higher than the energies accessible in the modeled environment
(MW ' 80.4 GeV/c2), so we make a static approximation that recovers the Fermi theory of
weak interactions. Thus, we also introduce the Fermi coupling constant GF, which relates to the
weak coupling constant g as GF/

√
2 = g2/8M2

W . Finally, for the matrix elements, we obtain the
following expressions

M
γ
fi(q) = −i

e2

2Q2
J
lep
ν (q)Jνhad(q), (2.1.16)

MW
fi (q) = −i

GF√
2
cos θcJ

lep
ν (q)Jνhad(q), (2.1.17)
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where we define the lepton and hadron current as

J
lep
ν (q) ≡ ū(kf, sf)Ĵlepν u(ki, si) = ū(kf, sf)γν(1+ hγ5)u(ki, si), (2.1.18)

Jhadν (q) ≡ 〈 Ψf | Ĵhadν | Ψi 〉. (2.1.19)

The incoming and outgoing leptons are described by Dirac spinors u(ki, si) and ū(kf, sf), re-
spectively. The Standard Model describes their interaction exactly, assuming the helicity h taking
values: −(+) for (anti)neutrinos and averaging out to zero for electrons. Note that we absorb the
factor 1/2 of the spin-projection operator (1 + hγ5)/2 into the weak coupling constant but write
it explicitly in the electron case. The hadronic current Ĵhadν (q), evaluated between the initial and
final nuclear states | Ψi 〉 and 〈 Ψf |, is subject to modeling.

Once we square the matrix elementsMfi, it is convenient to introduce bilinear products of the
currents and define the leptonic Lµν and hadronicWµν tensors. Thus, for the processes discussed
here, we obtain

∑

i,f

|M
γ
fi(q)|

2 =
e4

4Q4
Lµν(q)W

µν(q), (2.1.20)

∑

i,f

|MW
fi (q)|

2 =
G2F
2

cos2 θcLµν(q)Wµν(q). (2.1.21)

The explicit calculation of the leptonic tensor is straightforward [2] and leads to

Lµν(q) =
∑

i,f

(
J
lep
µ (q)

)†
J
lep
ν (q)

=
2

mimf
(ki,µkf,ν + kf,νki,µ − gµνki · kf + gµνmimf − ihεµναβkαi kβf ).

(2.1.22)

As for the hadronic tensor, we obtain

W
µν
1p1h(q) =

1

2Ji + 1

∑

Mi

∑

JR,MR

∑

msN

(
J
µ
had(q)

)†
Jνhad(q), (2.1.23)

W
µν
2p2h(q) =

1

2Ji + 1

∑

Mi

∑

JR,MR

∑

msNa

∑

msNb

(
J
µ
had(q)

)†
Jνhad(q), (2.1.24)

where (Ji,Mi) and (JR,MR) are the quantum numbers of the initial and residual nucleus, respec-
tively. Here, we will only consider processes with Ji = 0, with no need for summation overMi.
We do sum over the spin projection of the outgoing nucleon(s), e.g. msN , which introduces an
additional summation in the 2p2h case. Without any loss of kinematical generality, this commonly
used description wraps the process of the one-boson exchange scattering of relativistic leptons on
nuclear targets leading to one- and two-nucleon knock-out.

Language of responses

Working in the coordinate systems, presented in Fig. 2.1, with the z-axis along the direction of
the momentum transfer, brings additional means to simplify the formulas describing the lepton-
nucleus scattering process. As shown in Ref. [3], one can introduce a base for hadronic system
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responses corresponding to specific components of the current: 0—Coulomb, 1, 2—transverse,
and 3—longitudinal. Then, we can write the contraction of the leptonic and hadronic tensors as

Lµν(q)W
µν(q) = 2

εiεf
mimf

[VCCWCC + VCLWCL + VLLWLL + VTWT + VTTWTT

+ VTCWTC + VTLWTL + h (VT ′WT ′ + VTC′WTC′ + VTL′WTL′)] ,
(2.1.25)

whereWx are the hadronic responses and Vx are the corresponding kinematic factors, as defined
in Table 2.1. The hadronic system is spherically symmetric; therefore, we express the responses

Kinematic factors Nuclear responses

VCC = 1+ ζ cos θ WCC = |J0|
2

VCL = −
(
ω
|~q|(1+ ζ cos θ) +

m2
f

εf|~q|

)
WCL = 2<

(
J0J
†
3

)
VLL = 1+ ζ cos θ− 2εiεf

|~q|2
ζ2 sin2 θ WLL = |J3|

2

VT = 1− ζ cos θ+ εiεf
|~q|2

ζ2 sin2 θ WT = |J+1|
2 + |J−1|

2

VTT = −εiεf
|~q|2

ζ2 sin2 θ WTT = 2<
(
J+1J

†
−1

)
VTC = − sinθ√

2|~q|
ζ(εi + εf) WTC = 2<

(
J0

(
J
†
+1 − J

†
−1

))
VTL = sinθ√

2|~q|2
ζ(ε2i − ε

2
f +m

2
f) WTL = 2<

(
J3

(
J
†
+1 − J

†
−1

))
VT ′ = εi+εf

|~q| (1− ζ cos θ) − m2
f

εf|~q|
WT ′ = |J+1|

2 − |J−1|
2

VTC′ = − sinθ√
2
ζ WTC′ = 2<

(
J0

(
J
†
+1 + J

†
−1

))
VTL′ = ω sinθ√

2|~q|2
ζ WTL′ = 2<

(
J3

(
J
†
+1 + J

†
−1

))
Table 2.1: Kinematic factors and nuclear responses for the electron and charged-current neutrino scattering
off the nucleus.

in the spherical basis ~ez,~e±1 = ∓(~ex ± i~ey)/
√
2 as ~J = −J−1~e+1 − J+1~e−1 + Jz~ez. Additionally,

we include the dependence on the outgoing lepton mass through the following correction

ζ ≡ |~kf|

εf
=

√
1−

m2f
ε2f
. (2.1.26)

Utilizing these tools, we can write our general 1p1h and 2p2h differential cross section formulas
as

dσX
dεfdΩfdΩN

=
|~pN|MN

(2π)3
f−11p1hζσ

X

× [VCCWCC + VCLWCL + VLLWLL + VTWT + VTTWTT

+ VTCWTC + VTLWTL + h (VT ′WT ′ + VTC′WTC′ + VTL′WTL′)]

(2.1.27)
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and
dσX

dεfdΩfdTNadΩNadΩNb
=

|~pNa |MN|~pNb |MN

(2π)6
f−12p2hζσ

X

× [VCCWCC + VCLWCL + VLLWLL + VTWT + VTTWTT

+ VTCWTC + VTLWTL + h (VT ′WT ′ + VTC′WTC′ + VTL′WTL′),

(2.1.28)

where we combine the normalization differences between the electron and neutrino case in Mott-
like prefactors σX, defined as

σγ =
1

2

(
e2εf
2πQ2

)2
, (2.1.29)

σW =

(
GF cos θcεf

2π

)2
. (2.1.30)

In these expressions, the functions Vx again contain all the lepton kinematic information, while
the response functions Wx include the nuclear dynamics.

Finally, in the context of electron scattering and the vector-current contribution to neutrino
scattering, we can further simplify our expressions utilizing the conserved vector current (CVC)
hypothesis [4], which states that in the momentum space, we obtain

qµJ
µ(q) = 0, (2.1.31)

and, in our coordinate system,
J3(q) =

ω

|~q|
J0(q). (2.1.32)

Additionally, the scattered electron has a negligible mass me ' 0, leading to ζ ' 1. Combining
all this knowledge, we write the differential cross sections for electron scattering as

dσγ
dεfdΩfdΩN

=
|~pN|MN

(2π)3
f−11p1hσ

Mott [VeLWCC + VeTWT + VeTTWTT + VeTLWTL] (2.1.33)

and
dσγ

dεfdΩfdTNadΩNadΩNb
=

|~pNa |MN|~pNb |MN

(2π)6
f−12p2hσ

Mott

× [VeLWCC + VeTWT + VeTTWTT + VeTLWTL] .

(2.1.34)

We define the new kinematic factors in Table 2.2. Within these approximations, the new prefactor

Electromagnetic kinematic factors

VeL = Q4

|~q|4
VeT = Q2

2|~q|2
+ tan2 θ2

VeTT = − Q2

2|~q|2
VeTL = − Q2√

2|~q|3
(εi + εf) tan2 θ2

Table 2.2: CVC-constrained kinematic factors for electron scattering off the nucleus.

is the commonly used Mott cross section

σMott =

(
α cos θ2
2εi sin2 θ2

)2
, (2.1.35)
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where α = e2/4π is the fine structure constant.
We can use the experience from the electron scattering case to better understand the relevance

of specific nuclear responses in neutrino scattering. We notice that the kinematical factor VCC
is present in the formulation of the VCL and VLL. Assuming that the final lepton has negligible
mass, we write

VCC + VCL + VLL '
(
1−

ω

|~q|
+
ω2

|~q|2

)
VCC. (2.1.36)

Thus, knowing how particular responses enter the cross section, we combine the Coulomb and
longitudinal components into an approximate nuclear response

WL ≡
∣∣∣∣J0 − ω

|~q|
J3

∣∣∣∣2 = WCC −
ω

|~q|
WCL +

ω2

|~q|2
WLL. (2.1.37)

This formula, in certain circumstances, encapsulates enoughphysics to providemeaningful results
while maintaining presentation clarity.

Multipole expansion

The ten nuclear response functions we present in Table 2.1 contain complete hadronic information
about the lepton-nucleus interaction process. All of them are functions of the four-dimensional
hadronic current Jhadν (~q) and correspond to the particular matrix elements in momentum space

Jhadν = 〈 Ψf | Ĵhadν (~q) | Ψi 〉. (2.1.38)

However, our non-relativistic approachweperform thenumerical calculations in coordinate space,
to which we move using the Fourier transform

Ĵhadν (~q) =

∫
d~x ei~q·~xĴhadν (~x). (2.1.39)

Additionally, as themean-field nuclear potential is spherically symmetric andwe consider nucleon
wave functions as its bound or continuum energy eigenstates, we wish to utilize this symmetry to
separate the angular dependency of calculations. For this purpose, we use the Rayleigh formula

ei~q·~x =
√
4π

∞∑

J=0

iJ
√
2J+ 1jJ(|~q||~x|)YJ0(Ωx), (2.1.40)

which factorizes the problem into the Bessel functions jJ(|~q||~x|) and the spherical harmonics
YJM(Ωx). The summation over multipoles J is in principle infinite but, in our applications,
convergent, so we can safely truncate it, achieving the desired level of precision. As presented
in Ref. [5], this framework introduces well-known multipole operators: Coulomb (ĈCoul

JM (|~q|)),
longitudinal (L̂long

JM (|~q|)), electric (T̂elec
JM(|~q|)), and magnetic (T̂magn

JM (|~q|)), in the following way

ρ̂(~q) = +
√
4π
∑

J>0

iJĴĈCoul
J0 (|~q|),

Ĵ3(~q) = −
√
4π
∑

J>0

iJĴL̂
long
J0 (|~q|),

Ĵ±(~q) = −
√
2π
∑

J>1

iJĴ
(
T̂elec
J±1(|~q|)± T̂

magn
J±1 (|~q|)

)
,

(2.1.41)
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where Ĵ ≡
√
2J+ 1. Therefore, we define the multipole operators as

ĈCoul
JM (|~q|) =

∫
d~x (jJ(|~q||~x|)YJM(Ωx)) ρ̂(~x),

L̂
long
JM (|~q|) =

i

q

∫
d~x
[
~∇ (jJ(|~q||~x|)YJM(Ωx))

]
· Ĵ(~x),

T̂elec
JM(|~q|) =

1

q

∫
d~x
[
~∇×

(
jJ(|~q||~x|)~Y

M
J(J,1)(Ωx)

)]
· Ĵ(~x),

T̂
magn
JM (|~q|) =

∫
d~x
(
jJ(|~q||~x|)~Y

M
J(J,1)(Ωx)

)
· Ĵ(~x),

(2.1.42)

where ρ̂(~x) and Ĵ(~x) are the time and space components of the nuclear current, respectively. Apart
from the spherical harmonics YLM(Ωx), we also use the vector spherical harmonics

~YMJ(l,1)(Ωx) ≡
∑

m,i

〈 l, m; 1, i | J, M 〉Ylm(Ωx)~ei. (2.1.43)

It is convenient to introduce one more multipole operator ÔκJM(|~q|), defined as

ÔκJM(|~q|) =

∫
d~x
(
jJ+κ(|~q||~x|)~Y

M
J(J+κ,1)(Ωx)

)
· Ĵ(~x). (2.1.44)

Then, we can simplify the longitudinal, electric, andmagnetic operators andwrite in the following
form

L̂
long
JM (|~q|) = i

∑

κ=±1

(
J+ δκ,+1
2J+ 1

) 1
2

ÔκJM(|~q|)

T̂elec
JM(|~q|) = i

∑

κ=±1
(−1)δκ,+1

(
J+ δκ,−1
2J+ 1

) 1
2

ÔκJM(|~q|)

T̂
magn
JM (|~q|) = Ôκ=0JM (|~q|).

(2.1.45)

Finally, we see how the essence of our nuclear calculations lies in evaluating the ĈCoul
JM and ÔκJM

operators for particular hadronic processes leading to one- and two-nucleon knock-outs.

2.2 Nuclear framework

In the context of this thesis, we construct the nuclear description based on the Ghent model [6–
11]. As such, the cornerstone of our nuclear model is an independent-particle picture of nuclear
dynamics. Weassume theprotons andneutrons aremoving according to the Schrödinger equation
in a mean-field (MF) potential. We determine this through a Hartree-Fock calculation based on
an effective Skyrme-type nucleon-nucleon force SkE2 [12]. The original Skyrme interaction is a
well-established parametrization that accurately reflects the ground-state and low-lying excited
state characteristics of spherical nuclei [13]. As presented in Fig. 2.3, our model describes the
outgoing nucleons as continuum states of the same potential, guaranteeing that the initial and
final states are orthogonal. Thus, the final nucleons are asymptotically free but are still under
the influence of the mean-field potential of the residual hadronic system. It is an example of



50 2. THEORETICAL FRAMEWORK

E [MeV]

r [fm]

1 2 3 4 5

X

EN (l, 1/2, j, δl, σl)

(a) One-nucleon knock-out process, where the interacting
boson ejects a nucleon to the continuum, and the residual
nucleus remains in a one-hole state: h−1.

E [MeV]

r [fm]

1 2 3 4 5

X

ENa (la, 1/2, ja, δla , σla)

ENb (lb, 1/2, jb, δlb , σlb)

(b) Two-nucleon knock-out process, where the interacting
boson ejects two nucleons to the continuum, and the resid-
ual nucleus remains in a two-hole state: (hh′)−1.

Figure 2.3: Lepton-induced nucleon knock-out from 12C as interpreted in the shell model picture. We
characterize the continuum states by their angular quantum numbers and additional phase shifts: δ and σ.

a distorted-wave calculation in the so-called spectator approach, which is quantum mechanically
consistent, yet lacks the inelastic final-state nucleon-nucleus interaction properties.

TheGhentmodel has a longhistory of describing electron- andneutrino-nucleus cross sections,
and other nuclear dynamics phenomena. This research has always stressed the methodology to
overcome the limitations of the IPM, especially its lack of an exhaustive treatment of nucleon-
nucleon correlations. For one-nucleon knock-out processes, the Ghent framework accounts for
long-range correlations and collective nucleon treatment through the CRPA methodology. These
corrections are significant for lower projectile energies, where long-range nuclear physics dom-
inates the narrative. Early studies involve photo-induced (γ,N) and electron-induced (e, e′N)

reactions on 16O [14–16]. Refs. [17–19] describe the extension of this framework to NC and CC
neutrino-induced processes at energies relevant to supernova research. Most of the further re-
search was motivated by the demands from accelerator-based neutrino experiments [20–25] and
novel projects involving neutrino scattering off 40Ar nuclei [26–29].

For intermediate projectile energies, our model has two methods of incorporating nuclear
correlations: attributed to nuclear states and the dynamics of the hadronic current. The former
effectively introduces short-range nucleon-nucleon correlations (SRC) using one-body currents
modified with central, tensor, and spin-isospin correlation functions. Such modeling produces
the expected depletion of single-particle strength, dynamically acting like spectroscopic factors,
and provides information about the redistribution of nucleons into higher regions of momentum
space. The latter, concerning the lepton interaction, involves two-body meson-exchange currents
(MEC) through the seagull, pion-in-flight, and ∆ diagrams, allowing us to go beyond the im-
pulse approximation picture. The abovementioned directions push our understanding of the
electron- and neutrino-nucleus interactions beyond the first approximation in the structure of
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the initial nuclear state and the interaction with the projectile, respectively. This framework is
essential to generate consistent predictions for the two-nucleon knock-out reactions, which have
grown in relevance for accelerator-based neutrino oscillation analyses in the past decade [30].
The path of the Ghent research on this topic commenced with MEC photo-induced (γ, pp) and
(γ, pn) reactions [6]. Then, introducing SRC led to modeling electron-induced (e, e′pp) and
(e, e′pn) [8,31]. Over the years, this framework has been employed in various analyses of exclu-
sive 16O(e, e′pp) [32,33], semi-inclusive 16O(e, e′p) [34,35], along with inclusive 12C(e, e′) and
40Ca(e, e′) [7] electron scattering. Finally, this research progressed to studying neutrino-induced
interactions, as described in Refs. [4,10,11].

In this work, we analyze the properties of our model by examining the following lepton-
nucleus scattering cross sections. In one-nucleon knock-out processes, we compute exclusive
cross sections

dσX
dεfdΩfdΩN

=
|~pN|EN
(2π)3

f−11p1hζσ
X

× [VCCWCC + VCLWCL + VLLWLL + VTWT + VTTWTT

+ VTCWTC + VTLWTL + h (VT ′WT ′ + VTC′WTC′ + VTL′WTL′)] ,

(2.2.1)

where X denotes either an electromagnetic (γ) or a weak (W) boson, and the inclusive ones

dσW
dεfdΩf

= 4πσWζ [VCCWCC + VCLWCL + VLLWLL + VTWT + hVT ′WT ′ ] , (2.2.2)

dσγ
dεfdΩf

= 4πσMott [VeLWCC + VeTWT ] (2.2.3)

for the neutrino and electron interactions, respectively. The equivalent formulas also describe the
inclusive cross sections for two-nucleon knock-out reactions, while

dσX
dεfdΩfdTNadΩNadΩNb

=
|~pNa |ENa |~pNb |ENb

(2π)6
f−12p2hζσ

X

× [VCCWCC + VCLWCL + VLLWLL + VTWT + VTTWTT

+VTCWTC +VTLWTL + h (VT ′WT ′ + VTC′WTC′ + VTL′WTL′)]

(2.2.4)

provides the exclusive one. The semi-inclusive cross section arises from integrating over the solid
angle of one of the outgoing nucleons

dσX
dεfdΩfdTNdΩN

=

∫
dΩN′

dσX
dεfdΩfdTNdΩNdΩN′

. (2.2.5)

We summarize these formulas, the analytical steps of obtaining the matrix elements in the second
quantization picture and integrating them over their angular dependency in Appendix A and
Appendix B for the 1p1h and 2p2h processes, respectively.

Nucleon wave functions

Solving a many-body nuclear system for single-particle wave functions is a challenging problem.
As introduced in Section 1.3, we use them to build a Slater determinant, describing the uncor-
related ground state of the investigated nucleus. We rely on the self-consistent Hartree-Fock
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equation to obtain the appropriate mean-field potential U, based on the Skyrme SkE2 force

V =
∑

i<j

V
[2]
ij +

∑

i<j<k

V
[3]
ijk, (2.2.6)

which includes two-body and three-body interaction terms. In this work, all nuclei are spherically
symmetric, which allows us to separate the variables in single-nucleon states as

ψnl 12 jm
(~r) = φ(|~r|)nljY

m
j(l, 12 )

(Ωr), (2.2.7)

where Y represents the spin spherical harmonics. Then, we use the sameMF potential to calculate
the bound and continuum nucleon wave functions using radial equations of the form

(T +U(|~r|))φ(|~r|)nlj = εnljφ(|~r|)nlj. (2.2.8)

Then, we form the asymptotically free outgoing nucleon state as a sum over partial wave contri-
butions from each positive-energy solution. This approach allows us to account for the distortion
of the outgoing nucleon and ensures orthogonality between the interacting states.

We construct the Slater determinants of the target and residual nuclei using bound single-
nucleon wave functions obtained from Eq. (2.2.8) (ε < 0). One can find exhaustive descriptions of
this procedure in many textbooks, e.g., Ref. [36]. Here, we will focus on regular solutions, which
provide the following asymptotic behavior

φ(|~r|)nlj
|~r|→0−−−−−→ rl,

φ(|~r|)nlj
|~r|�|~rA|−−−−−→ ∼ 0,

(2.2.9)

where |~rA| is the nuclear radius. In Fig. 2.4, we present the calculations for Carbon and Oxygen
nuclei that we use throughout this work. One can see that the shape differences between the
two nuclei and isospin types are negligible. Thus, we expect the total number of nucleons
(normalization) will dominate the nuclear response strength differences, keeping its properties
somewhat universal between the two nuclei.

For calculating the continuum states (ε > 0), we rely on the observation that at a considerable
distance (|~r|� |~rA|), the nuclear potential fades away, and the wave functions tend to the solutions
of the Coulomb equation. Therefore, we expect them to behave asymptotically like the Bessel
functions and write

φ(|~r|)nlj
|~r|→0−−−−−→ rl

φ(|~r|)nlj
|~r|�|~rA|−−−−−→ ∼

sin(|~pN||~r|− η ln(2|~pN||~r|) − πl/2+ δl + σl)
|~pN||~r|

,
(2.2.10)

where we relate the energy and momentum using the reduced mass µN as

ε =
|~pN|

2

2µN
, µN =

A

A− 1
MN. (2.2.11)

The δl and σl are the central and Coulomb phase shifts, and the factor η accounts for the Coulomb
part of the single-particle potential

η = (Z− 1)
e2µN
|~pN|

. (2.2.12)
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Figure 2.4: Radial part of the single-nucleon wave functions of Carbon and Oxygen nuclei, calculated with
the SkE2 potential through the Hartree-Fock procedure.

Note that for neutrons σl = η = 0. Finally, applying the proper normalization, we obtain the
radial wave functions by enforcing the following asymptotic behavior

φ(|~r|)nlj
|~r|�|~rA|−−−−−→

√
2MN|~pN|

π

sin(|~pN||~r|− η ln(2|~pN||~r|) − πl/2+ δl + σl)
|~pN||~r|

. (2.2.13)

Oncewe employ a partial wave expansion for the emitted nucleon, wewill obtain a distortedwave
function in terms of the continuum eigenstates of the MF potential.

Impulse approximation

Within the impulse approximation picture, we treat the nuclear many-body current as a sum of
one-body operators

Ĵ(~r)hadν ' Ĵ(~r)IAν =

A∑

j=1

Ĵ(~rj)
[1]
ν δ

(3)(~r−~rj). (2.2.14)

We schematically present the one-body currents in Fig. 2.5a, while in Fig. 2.5b, we showa two-body
correction to the IA not considered in this subsection. Appendix A summarizes the essential kine-
matical calculus concerning one-nucleon knock-out reactions in our framework. Therefore, here,
we focus on the theoretical structure of Feynman diagrams and the non-relativistic prescriptions
for nuclear currents.

We use the standard prescriptions for obtaining nuclear current operators in the coordinate
space for electron-nucleus interactions. As shown in, e.g., Ref. [5], the operators involve the charge
density

ρ̂IAV (~r) =

A∑

j=1

GD(Q
2)δ(3)(~r−~rj)e(j) (2.2.15)
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X

p h

(a) One-body current.

X

p h

∑
h′

?

(b) Two-body current correction.

Figure 2.5: Graphical representation of the diagrams involved in the one-nucleon knock-out process we
investigate in this work.

and the current with convection and magnetization parts

ĴIAV (~r) = ĴconV (~r) + Ĵ
mag
V (~r)

=

A∑

j=1

GD(Q
2)

2MNi

[
δ(3)(~r−~rj)

−→∇ −
←−∇δ(3)(~r−~rj)

]
e(j)

+

A∑

j=1

GD(Q
2)

2MN

(−→∇ × σj) δ(3)(~r−~rj)µ(j),

(2.2.16)

where we define

e(j) =
1

2
(1+ τz(j)), (2.2.17)

µ(j) = 2.793
1

2
(1+ τz(j)) − 1.913

1

2
(1+ τz(j)), (2.2.18)

and
τz| p 〉 = +| p 〉, τz| n 〉 = −| n 〉. (2.2.19)

Additionally,we introducedadipole form factorGD(Q2) = (1+Q2/M2
V)

−2, withMV = 843MeV/c2

to account for the realistic charge distribution. In our framework, the value of the electric coupling
strength has been absorbed in the cross section prefactor. Note that all of the currents presented
in this subsection are functions of Q2 as they involve Q2-dependent form factors.

Provided appropriate involvement of Pauli, Dirac, and axial form factors, one can extend this
formalism to CC neutrino reactions. Here, we employ the axial currents described in Ref. [37] and
obtain

ρ̂IAV (~r) =

A∑

j=1

FV1 (Q
2)δ(3)(~r−~rj)τ±(j), (2.2.20)

ĴIAV (~r) = ĴconV (~r) + Ĵ
mag
V (~r)

=

A∑

j=1

FV1 (Q
2)

2MNi

[
δ(3)(~r−~rj)

−→∇ −
←−∇δ(3)(~r−~rj)

]
τ±(j)

+

A∑

j=1

FV1 (Q
2) + FV2 (Q

2)

2MN

(−→∇ × σj) δ(3)(~r−~rj)τ±(j),

(2.2.21)
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and

ρ̂IAA (~r) =

A∑

j=1

GA(Q
2)

2MNi
σj ·

[
δ(3)(~r−~rj)

−→∇ −
←−∇δ(3)(~r−~rj)

]
τ±(j), (2.2.22)

ĴIAA (~r) =

A∑

j=1

GA(Q
2)σjδ

(3)(~r−~rj)τ±(j). (2.2.23)

The isospin rules are now

τ+| n 〉 = +| p 〉, τ+| p 〉 = 0, (2.2.24)

τ−| p 〉 = −| n 〉, τ−| n 〉 = 0. (2.2.25)

To obtain the equations above, we used the fact that the vector part of the weak currents has
identical structure to the isovector part of the electromagnetic ones. Thus, we use the isovector
form factors

FVi (Q
2) = Fi,p(Q

2) − Fi,n(Q
2), (2.2.26)

which we define in terms of the Pauli (F1,x(Q2)) and Dirac (F2,x(Q2)) form factors given by

F1,x(Q
2) =

1

1+ τ

(
GE,x(Q

2) + τGM,x(Q
2)
)
, (2.2.27)

F2,x(Q
2) =

1

1+ τ

(
GE,x(Q

2) −GM,x(Q
2)
)
, (2.2.28)

where τ = Q2/4M2
N. The electric and magnetic Sachs form factors GE,x(Q2), GM,x(Q2) for

protons are given by

GE,p(Q
2) = GD(Q

2), GM,p(Q
2) = λpGD(Q

2), (2.2.29)

where λp = 2.793, and for neutrons by

GE,n(Q
2) = λnGD(Q

2), GM,n(Q
2) = −

τ

1+ 5.6τ
λnGD(Q

2), (2.2.30)

where λn = −1.913. Additionally, we substitite the dipole form factors GD(Q2) in each of the
form factors abovewith the BBBA05 parametrization [38], which is a fit to the world neutrino data.
Finally, for the axial part, we use a dipole form factor

GA(Q
2) = −

1.262(
1+ Q2

M2
A

) (2.2.31)

withMA = 1.03 GeV/c2.
In our framework, we need to evaluate multipole operators ĈCoul

JM and ÔκJM for each of the
densities and currents, respectively. This information is sufficient to construct the time-like and
spherical components of the nuclear transition current, which we use to obtain electron- and
neutrino-nucleus cross sections.

The strength of this model lies at lower energies, where careful calculationmodels the detailed
aspects of a nuclear response. Therefore, we present hadronic responses evaluated in the IA,
which we can compare to available inclusive electron scattering data. We calculate the responses
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for fixed momentum transfer values |~q| = 300, 400, 550MeV/c, which are distinct enough to grasp
the differences in particular model components. We leave the intermediate steps of obtaining
nuclear matrix elements and angular integrations for Appendix A and summarize the 1p1h
reduced matrix elements in Appendix C. Fig. 2.6 presents the hadronic responses in inclusive
electron scattering compared to experimental results. The basic version of our model compares
reasonably well to the data, except for the overestimation in the longitudinal response for lower
energies and slight underestimation for higher energies in the transverse channel. We need to
address these issues using methodology beyond the IA.
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Figure 2.6: Inclusive hadronic responses for fixed momentum transfer values in electron scattering off the
12C nucleus confronted with the experimental results of Ref. [39]. The black lines present the impulse
approximation calculation.

Fig. 2.7 presents analogical results for the neutrino case. Here, we point out the separation
between the vector and axial contributions, noting the axial terms’ domination of the longitudinal
current inWLL and partiallyWCL. Moreover, in the transverse responses, one can notice how the
WT includes the vector and axial contributions, while the interference yields the WT ′ response.
Electron and neutrino distributions generally present similar features, with a visible increase in
strength owing to low-lying continuum states belowω ' 50MeV.
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Figure 2.7: Inclusive hadronic responses for fixed momentum transfer values in neutrino scattering off the
12C nucleus. The black, solid lines present the impulse approximation calculation, while the black dashed,
red dot-dashed, and red dashed lines provide the separation into the vector and axial contributions, and
the interference term, respectively.

Careful analysis of the axial current of Eq. (2.2.23) points out the lack of pseudoscalar coupling
of the form [37]

ĴIAA(PS)(~r) =

A∑

i=1

GA(Q
2)∇i

σi · ∇i
∇2i −m2π

δ(3)(~r−~ri)τ±(i). (2.2.32)
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This current contributes to the longitudinal current J3 and, therefore, to the WCL and WLL

hadronic responses. Fig. 2.8 presents the responses together with theWL function, that combines
WCC, WCL, and WLL proportionally to their relative contribution to the cross section. One can
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Figure 2.8: Inclusive hadronic responses for fixed momentum transfer |~q| = 400 MeV/c in neutrino scat-
tering off the 12C nucleus. The black, solid lines present the impulse approximation calculation, while
the black dashed and red dot-dashed lines provide the separation into the vector and axial contributions,
respectively. The blue lines present results that include the pseudoscalar coupling.

see that the form of the pseudoscalar current requires additional regularization for higher energy
transfer values, but considering the kinematical conditions, its effect is negligible. Thus, we do not
include this component in further calculations, significantly simplifying the modeling process.

Our model is non-relativistic, which leads to inevitable kinematical consequences. Trying to
counterweight these effects, we modify the energy transfer in the following manner

ω→ ω

(
1+

ω

2MN

)
, (2.2.33)

restoring the relativistic energy-momentum relation. This correction constrains the high-energy
behavior of the responses and brings the quasielastic peak to the proper relativistic position

ωQE =
|~q|2

2MN
→ Q2

2MN
. (2.2.34)

These necessary relativistic corrections allow us to provide meaningful cross section results at
higher energies, as presented in Fig. 2.9, exemplifying the effect of shifting of the quasielastic peak
and constraining the behavior for highω and θe′ values. In Fig. 2.10, we present the effect of using
distorted nucleon waves in the calculation. Here, one can see that for both investigated nuclei,
this method lowers down the cross section and, for forward scattering, shifts the peak to lower
values ofω. Finally, we can perform a similar calculation for neutrino scattering in Fig. 2.11. Here,
we investigate an additional effect of charge change, which corresponds to solving the outgoing
nucleon wave functions after they change their isospin, e.g., from neutron to proton. However
logical, this approach does not respect the unitarity between the initial and final hadronic systems.
Thus, we refrain from using it in future calculations due to its negligible effect. These example
results conclude the description of the fundamental methodology constituting our model.
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Figure 2.9: Inclusive cross sections for electron scattering off the 12C nucleus for fixed outgoing electron
angle θe′ = 15◦, 30◦ and the incoming neutrino energies εe = 750, 1500 MeV. The dashed and solid lines
correspond to the calculations with and without relativistic corrections, respectively.
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2.3 Short-range correlations

The force that binds nucleons within the nucleus is both repulsive at short distances and attractive
at longer ones, compared to the size of nucleons and their typical mean-free paths. We have
already employed this property to treat the nucleus as a group of nucleonsmoving independently
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within a mean-field potential rather than a fully correlated many-body system. While such an
IPM provides a straightforward explanation for the nuclear binding energies and other basic
phenomena, it has limitations in its ability to account for local internucleon correlations. Long-
range correlations, which cover the entire nucleus, can redistribute energy across all nuclear
components, resulting in collective excitations like giant resonances. Short-range correlations,
on the other hand, occur when two nucleons have strongly overlapping wave functions for short
periods of time. Such behavior leads to significant deviations from the IPMproperties. As a result,
the nuclear wave function contains a high-momentum component, absent in single-particle wave
functions, as well as reduced occupation probability of valence shells, known as spectroscopic
strength [40]. This redistribution of strength, relative to the theoretical IPM results, constitutes a
genuine part of the nuclear ground state.

To impose correlations on an independent-particle model, one can define a two-body density
function

ρ[2](~r1,~r2) = ρ
[1](~r1)ρ

[1](~r2)g(~r1,~r2) ' ρ[1](~r1)ρ[1](~r2)g(|~r21|), (2.3.1)

where~r21 = ~r2−~r1 andg(|~r21|) is the correlation function. Such a formula provides the probability
of finding particles at ~r1 and ~r2 in coincidence. In the default model, the two-body density is
expressed as a product of two single-body densities, which are recovered by imposing g(|~r21|) = 1.
Fig. 2.12 presents first-principle numerical calculations of correlation functions in infinite nuclear

Figure 2.12: The pair distribution functions g(|~r21|) for (left) proton-neutron and (right) proton-proton pairs
as a function of the local nuclear density. The results originate from variational Monte Carlo calculations
in infinite nuclear matter, as presented in Ref. [41].

matter. For small internucleon distances, g(|~r21|) has a hard repulsive core representing the
repulsive nature of the nuclear force at short distances. For larger |~r21|, the function rises above
one before approaching an asymptotic value of g(|~r21|) → 1, indicating that nucleons are not
correlated beyond the range of the nuclear force. Since the range of correlations is generally
limited to 2 fm, which is shorter than the radius of most nuclei, it is considered a universal nuclear
property, supporting the approximation of Eq. (2.3.1).

Since the pioneering work on photoabsorption on SRC pairs by K. Gottfried in 1958 [42],
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many research groups have investigated the influence of nucleon correlations on photo- and
electro-induced cross sections [43–48]. Modern approaches invest efforts to obtain consistent
models that also provide neutrino results. An example of similar philosophy in treating SRC
corrections is the extended factorization formalism by N. Rocco et al. [49,50]. However, other
works of M. Martini et al. [51] and J. Nieves et al. [52] also contain explicit SRC-like effects utilizing
different pionic correlation currents. In sophisticated ab-initio calculations on 12C [53,54], these
effects are included inherently. The formalism we present in this work is an extension of the
model by Ryckebusch et al., which has been extensively compared to various inclusive [7], semi-
inclusive [34,35], and exclusive [8,31] electron scattering data. This model was further developed
to study the general nuclear properties of nuclei [55–57], but here, we continue the work of
Refs. [4,11], which extended the calculations to the case of neutrino-nucleus scattering.

Formalism

While calculating nuclear transitions, independent particle models treat nuclear wave functions
as Slater determinants |Φ 〉. We correct this picture by obtaining correlated wave functions | Ψ 〉
after applying a many-body correlation operator Ĝ as

| Ψ 〉 = 1√
N
Ĝ|Φ 〉, (2.3.2)

with the normalization constantN = 〈Φ |Ĝ†Ĝ|Φ〉. Nucleon-nucleon potentials, whichwe intend to
reflect in this procedure, are usually parametrized with several terms, with the central and tensor
components dominating the short-range part. Thus, we approximate the correlation operator
with

Ĝ ' Ŝ

 A∏

i<j

[
1+ l̂(i, j)

] , (2.3.3)

where Ŝ is the symmetrization operator, and

l̂(i, j) = −ĝ(i, j) + ŝ(i, j) + t̂(i, j)

= −fc(|~rij|) + fστ(|~rij|)(σi · σj)(τi · τj) + ftτ(|~rij|)Ŝij(τi · τj),
(2.3.4)

with the tensor operator

Ŝij =
3

|~rij|2
(σi ·~rij)(σj ·~rij) − (σi · σj). (2.3.5)

For the central correlations, our default choice is the calculation by C. Gearhart and W. Dick-
hoff [58]. It was derived using Green’s function methods for nuclear matter with the Reid poten-
tial [59]. This function fc(|~r21|), related to g(|~r21|) as

g(|~r21|) = 1− fc(|~r21|), (2.3.6)

goes to zero for |~r21| > 2 fm and has a hard core at short distances, ensuring nucleons repel each
other when they get too close. The same function has been successfully employed to describe
semi-inclusive [31] and exclusive [60,61] reactions. For the spin-isospin fστ(|~r21|) and tensor
ftτ(|~r21|) functions, we use the results by S. Piper et al. [62]. These functions are significantly
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weaker for smaller internucleon distances than the central function fc(|~r21|). However, they
extend to larger distances making them increasingly relevant. Ref. [55] provides arguments and
evidence to support this choice of correlation functions. Fig. 2.13 summarizes our choice of these
numerical inputs to the SRC calculations. To investigate the sensitivity of our model to the choice
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Figure 2.13: The correlation functions used in the presented calculations. (Left) central correlation functions
fc(|~r21|): C. Gearhart et al. [58], VMC [62], and OMY [63]. (Right) the spin-isospin fστ(|~r21|) and tensor
ftτ(|~r21|) correlation functions of Ref. [62].

of the central correlation function, we investigate two additional solutions, denoted as VMC
and OMY. The former is a result of a variational Monte Carlo calculation of Ref. [62] using the
Argonne v14 nucleon-nucleon potential [64] and the Urbana VII three-nucleon interaction [65].
This result presents a significantly softer core, so we expect it to provide weaker SRC strength in
our calculations. The latter function, OMY [63], resembles the Gearhart correlation function in
shape but has an extended hard core. Although it should not be considered realistic, it is relevant
in our investigations as it provides an upper limit for the effect of SRCs [8].

In our formalism, we write the matrix elements of a generic operator Ω̂ between correlated
states as

〈 Ψf | Ω̂ | Ψi 〉 =
1√

NfNi
〈Φf | Ω̂eff |Φi 〉, (2.3.7)

with the effective operator Ω̂eff incorporating the SRC influence as

Ω̂eff = Ĝ†Ω̂Ĝ =

 A∏

i<j

[
1+ l̂(i, j)

]† Ŝ†Ω̂Ŝ

(
A∏

k<l

[
1+ l̂(k, l)

])
. (2.3.8)

This method shifts the complexity of calculations from the wave functions to the matrix element,
thereby reducing the numerical cost of the formalism. This approach translates to the actual
lepton-nucleus calculations through the hadronic current operator and the matrix elements of the
form

〈 Ψf | Ĵhadν | Ψi 〉 =
1√

NfNf
〈Φf | Ĵeffν |Φi 〉. (2.3.9)
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In the IA, we separate the current into a sum over single-particle interactions

Ĵhadν ' ĴIAν =

A∑

i=1

Ĵ
[1]
ν (i). (2.3.10)

Including correlations in the IA framework would ideally involve a variety of operators ranging
from one- to A-body. However, further approximations are necessary due to the complexity of
such an approach. To simplify the process, we focus on the universal features of SRCs, which are
primarily short-range and localizedwithin the range of nucleon size. Hence, we limit the operator
expansion to linear terms in the correlation functions and obtain

Ĵeffν '
A∑

i=1

Ĵ
[1]
ν (i) +

A∑

i<j

Ĵ
[1],SRC
ν (i, j) +

 A∑

i<j

Ĵ
[1],SRC
ν (i, j)

† (2.3.11)

with
Ĵ
[1],SRC
ν (i, j) =

[
Ĵ
[1]
ν (i) + Ĵ

[1]
ν (j)

]
l̂(i, j). (2.3.12)

In Fig. 2.14, wepresent the schematic representation of the SRC influence on the lepton-induced
one- and two-nucleon knock-out processes, which we investigate in this work. We summarize
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p h

∑
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Figure 2.14: Graphical representation of the diagrams involved in the two-nucleon (a),(b) and one-nucleon
(c) knock-out process induced with the short-range correlations dynamics.

the matrix elements and cross section formulas for the 1p1h and 2p2h cases in Appendix A
and Appendix B, respectively. Then, we wrap the reduced matrix elements for vector and axial
operators involving central, spin-isospin, and tensor correlations in Appendix C.

Inclusive electron scattering

While presenting the current status of the model, we focus on inclusive processes, where we
have easy access to electron scattering data allowing us to constrain the general features of our
calculations. We commence with Fig. 2.15, where we compare SRC-modified hadronic responses
with the inclusive electron data of Ref. [39]. The effect of correlations brings us closer to data,
especially in the longitudinal response, where the strength is more substantial. There, SRCs
provides a reduction of 1p1h result similar to the expected effect of spectroscopic factors while
dynamically pushing the signal to the 2p2h channel for higher energies. The latter phenomenon is
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Figure 2.15: Inclusive hadronic responses for fixed momentum transfer values in electron scattering off
the 12C nucleus confronted with the experimental results of Ref. [39]. The black and green dashed lines
present the 1p1h results with and without the short-range correlations corrections, respectively. The solid
green line shows the 2p2h calculation, while the solid black line is the full calculation.
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Figure 2.16: Corrections to the 1p1h hadronic responses for fixed momentum transfer values in electron
scattering off the 12C nucleus. Different curves correspond to the choice of the central correlation function,
as described in the text.

common for both investigated responses. In Fig. 2.16, we focus on the 1p1h responses presenting
the difference between the SRC calculation and the IA result. Here, we distinguish between the
results obtained with different choices of central correlation functions. As expected, the VMC
result is similar, yet weaker than the default Gearhart one, which reflects its softer core. The
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OMY calculation has the highest magnitude but yields a different sign of correction than other
solutions, contrary to our understanding of SRC effects. This discrepancy could also suggest an
implementation issue, as the 1p1h corrections are sensitive to the minus sign in matrix elements.
The 2p2h results presented in Fig. 2.17 genuinely exemplify the dominance ofOMY responses over
other correlation functions, whichwe consider rather unrealistic. Calculations usingGearhart and
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Figure 2.17: 2p2h hadronic responses for fixed momentum transfer values in electron scattering off the 12C
nucleus. Different curves correspond to the choice of the central correlation function, as described in the
text.

VMC functions present very similar features, with the former providing more strength for higher
energy transfers. This comparison shows reasonable control over this interaction dynamics.

The model for lepton-nucleus scattering can be meaningful once it produces accurate cross
section results. For this purpose, we calculate electron scattering results for different kinemat-
ics, focusing on the region relevant to accelerator-based neutrino experiments. In Fig. 2.18, we
present 1p1h and 2p2h cross sections for different fixed values of the angle of the outgoing elec-
tron. Note that kinematical conditions tend to emphasize similar phase-space regions for both
interaction channels. Additionally, we show the contributions coming from the longitudinal and
transverse parts. Here, we see an increasing effect of the former for higher angles that emphasize
transverse kinematics. This is especially important for the long tail of the 2p2h distributions,
dominating the bottom right panel. The low-energy fluctuations in these distributions come from
the significant increase in strength once the final nucleons resonate with the energy eigenstates
of continuum nuclear states. Regarding 2p2h interactions, the computational resources needed
to calculate these specific points, which total cross section contribution is marginal, are beyond
our current capabilities. Finally, we will investigate more general properties of SRC-corrected
inclusive electron-nucleus cross sections, gathered in Fig. 2.19.
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Figure 2.18: Inclusive cross sections for electron scattering off the 12C nucleus for fixed outgoing elec-
tron angle θe′ = 15◦, 30◦, 60◦. The gray and black lines correspond to the longitudinal and transverse
contributions, respectively. The green line shows the final calculation involving short-range correlations.

We find that proton-neutron pair emission dominates in this process for both 12C and 16O
nuclei. In electron scattering, this channel corresponds to interactions onquasi-deuteron target nu-
cleon pairs that are the leading component of the beyond-IPMnuclear picture. TheA-dependence
of these pairs is in agreement with the resuts of Refs. [4,66], where an asymptotic tendency of
A1.44was observed. Additionally, the emission of proton-proton pairs has aA-dependence below
the standard combinatoric pair fractions. The ratio between the SRC-induced emission of proton-
neutron and proton-proton pairs varies between 4 to 6, changing with energy, depending on the
dominance of the longitudinal or transverse contributions to particular kinematical conditions.



2.3. SHORT-RANGE CORRELATIONS 67

 0
 5

 10
 15
 20
 25
 30
 35
 40

 0  100  200  300  400  500  600dσ
/d
ε e

'dΩ
e'

 [1
0-3

3  
cm

2 /
M

eV
/s

r] εe = 750 MeV, θe' = 15o

16O pn
12C pn

 0
 0.5

 1
 1.5

 2
 2.5

 3

 0  100  200  300  400  500  600

εe = 750 MeV, θe' = 30o

16O pp
12C pp

 0
 0.02
 0.04
 0.06
 0.08

 0.1
 0.12
 0.14

 0  100  200  300  400  500  600

εe = 750 MeV, θe' = 60o

 1

 1.5

 2

 2.5

 3

 0  100  200  300  400  500  600

16
O

 / 
12

C

pn
pp

 1

 1.5

 2

 2.5

 3

 0  100  200  300  400  500  600

A1.44

N⋅Z

 1

 1.5

 2

 2.5

 3

 0  100  200  300  400  500  600

N⋅(N-1)/2

 0

 2

 4

 6

 8

 10

 0  100  200  300  400  500  600

pn
 / 

pp

ω [MeV]

16O
12C

 0

 2

 4

 6

 8

 10

 0  100  200  300  400  500  600
ω [MeV]

 0

 2

 4

 6

 8

 10

 0  100  200  300  400  500  600
ω [MeV]

Figure 2.19: Contribution of the different outgoing nucleon pairs to the inclusive electron scattering cross
sections induced by short-range correlations. (Top) the separation between proton-neutron and proton-
proton final pairs presented with the green and black lines, respectively. Here, the solid lines show the
scattering off 16O, while the dashed lines show the scattering off the 12C nucleus. (Middle) 16O/12C ratio
of the inclusive cross sections for proton-neutron (green) and proton-proton (black) pairs. The dashed
lines present different ratios of nuclear constituents. (Bottom) ratio of different outgoing nucleon pair
contributions to the investigated cross sections, where the solid and dashed lines correspond to the 16O
and 12C target nuclei, respectively.
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Inclusive neutrino scattering

We present our results for neutrino-nucleus interactions for the same conditions as in the electron
part to provide meaningful comparisons. Here, we gather all non-transverse neutrino responses
into the longitudinal one, incorporating WCL and WLL in WL, according to their relative cross
section influence. Fig. 2.20 presents the results of hadronic responses to neutrino probes for
fixed momentum transfer values. The general features of the distributions are similar to the
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Figure 2.20: Inclusive hadronic responses for fixedmomentum transfer values in neutrino scattering off the
12C nucleus. The black and green dashed lines present the 1p1h results with and without the short-range
correlations corrections, respectively. The solid green line shows the 2p2h calculation, while the solid black
line is the full calculation.

electron ones, with a stronger 1p1h reduction in the transverse responses and an increased relative
longitudinal importance of the 2p2h reaction. Two-nucleon final states do not contribute to the
WT ′ hadronic response. We present the corrections to the 1p1h responses in Fig. 2.21. Contrary to
the electron case, here, the difference between the calculations using Gearhart and VMC central
correlation functions are significant, both higher than the OMY result. Then, Fig. 2.22 presents the
2p2h contribution to the hadronic responses. Here, we see very similar properties to the electron
case of Fig. 2.17, with the OMY calculation dominating the picture, providing unrealistic strength.

In Fig. 2.23, we demonstrate the capability of our model to produce neutrino-nucleus inclusive
cross sections. In the neutrino case, the longitudinal-transversal separation is significantly more
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Figure 2.21: Corrections to the 1p1h hadronic responses for fixed momentum transfer values in neutrino
scattering off the 12C nucleus. Different curves correspond to the choice of the central correlation function,
as described in the text.

dramatic, with the θµ = 60◦ results almost entirely provided by the transverse part. We attribute
this effect to the influence of the axial current, which generally tends to be more transversal.
Finally, we wish to investigate the general properties of SRC-induced two-nucleon knock-out, its
A-dependence, and the effect of different isospins of target nucleon pairs. We summarize these
properties in Fig. 2.24. In the neutrino case, the outgoing proton-proton and proton-neutron pairs
correspond to the initial proton-neutron and neutron-neutron, respectively. As the core of nuclear
response depends on the initial isospin configurations, we decided to provide different labeling,
keeping the fixed color scheme relative to the initial nucleon pairs, as compared to Fig. 2.19. We
see that these calculations yield the expected A-dependence of A1.44 for the initial deuteron-like
nucleon pairs. The other configuration, proton-neutron emission, scales according to the number
of initial neutron-neutron pairs in each nucleus. The ratio of outgoing proton-proton to proton-
neutron pairs varies between 3 and 4, with more minor fluctuations than in the electron case.
We conclude that the transition from electron to neutrino interactions provides good numerical
results.
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Figure 2.22: 2p2h hadronic responses for fixed momentum transfer values in neutrino scattering off the
12C nucleus. Different curves correspond to the choice of the central correlation function, as described in
the text.
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Figure 2.23: Inclusive cross sections for neutrino scattering off the 12C nucleus for fixed outgoingmuon an-
gle θµ = 15◦, 30◦, 60◦. The gray and black lines correspond to the longitudinal and transverse contributions,
respectively. The green line shows the final calculation involving short-range correlations.
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Figure 2.24: Contribution of the different outgoing nucleon pairs to the inclusive neutrino scattering cross
sections induced by short-range correlations. (Top) the separation between proton-proton and proton-
neutron final pairs presented with the green and black lines, respectively. Here, the solid lines show the
scattering off 16O, while the dashed lines show the scattering off the 12C nucleus. (Middle) 16O/12C ratio
of the inclusive cross sections for proton-proton (green) and proton-neutron (black) pairs. The dashed
lines present different ratios of nuclear constituents. (Bottom) ratio of different outgoing nucleon pair
contributions to the investigated cross sections, where the solid and dashed lines correspond to the 16O
and 12C target nuclei, respectively.
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2.4 Meson-exchange currents

The nuclear force, which holds the nucleus together, results from the strong force that binds quarks
to form nucleons. The standard approach is to explain the nuclear force through exchanging
virtual mesons, such as π, ρ, and ω [67]. When an electroweak boson interacts with a pair of
nucleons, correlated through meson exchange, it can knock out one or both of the particles from
the nucleus. This interaction is called a two-body current or MEC. We can construct several types
of such currents by coupling the incoming boson to different mesons or vertices. In this work, we
consider only the diagrams which include the lightest meson—pion (mπ ' 135 MeV). For the
heavier mesons (mρ ' 775 MeV, mω ' 782 MeV), the effective interaction has a much shorter
range, and the short-range repulsion between the nucleons strongly dampens the expectation
values of the associated operators. As explained in the previous section, we implement the
short-range effects in an effective approach.

Before moving to the core of this work in Chapter 3, in this section, we investigate meson-
exchange currents in which no nucleon resonance occurs. They are commonly known as the
seagull and pion-in-flight currents. We construct the former by coupling the boson to a πNN vertex
and the produced virtual pion to another nucleon leg. The latter involves coupling directly to
a pion exchanged between two nucleons. Fig. 2.25 schematically presents the investigated MEC
diagrams for lepton-induced one- and two-nucleon knock-out reactions. The diagrams we show
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Figure 2.25: Graphical representation of the diagrams involved in the two-nucleon (top) and one-nucleon
(bottom) knock-out process induced with the meson-exchange currents dynamics: (a), (b) 2p2h seagull, (c)
2p2h pion-in-flight, (d), (e) 1p1h seagull, and (f) 1p1h pion-in-flight currents.

in Fig. 2.26 are called correlation currents. As explained in Ref. [68], these are not genuine two-body
currents but merely a product of a one-body current and a potential. Hence, while adding them
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to Fermi-gas-based models can be justified, they should not be considered in mean-field-based
approaches like ours.
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Figure 2.26: Graphical representation of the diagrams not included explicitly in the two-nucleon knock-out
process.

The role of meson-exchange currents in electron- and neutrino-nucleus interactions has been
studied in many theoretical approaches. Early works include research of Refs. [69–72]. Then,
the effect of MECs in the transverse response for electron scattering was investigated by M.
Dekker et al. [73], J. Amaro et al. [74,75], and A. De Pace et al. [76]. The development of models
describing 2p2h neutrino reactions was motivated by the unexpected results of the MiniBooNE
collaboration [77,78]. For these reactions, the models by M. Martini et al. [51] and J. Nieves et
al. [52] include two-body currents, also mediated through ∆-resonances, to adequately describe
inclusive neutrino cross sections. These currents also contribute to the calculations in the extended
factorization approach by N. Rocco et al. [49,50] and are included in the ab initio formalism
of Ref. [54]. Finally, current efforts involve extensions of the relativistic Fermi gas by I. Ruiz
Simo et al. [79–81] and incorporating them into the SuSAv2 framework [82,83], as well as fully
relativistic shell model calculations for the two-nucleon knock-out [84,85]. Recently, corrections to
the electromagnetic one-nucleon knock-out responses were calculated by R. González-Jiménez et
al. [86]. We base our presentedmodel on calculations of Refs. [6–8] and their extension to neutrino
interactions [4,10].

Vector currents

We consider single-pion exchange diagrams to describe the seagull and pion-in-flight meson-
exchange currents, as depicted in Fig. 2.25. We use the pseudovector πNN coupling [67] in the
low-energy limit

LπNN = i
fπNN
mπ

(σ · ~q)(τ · ~π), (2.4.1)

where the coupling constant is set via f2πNN/4π = 0.08, andmπ is themass of the pion. For electron
scattering interactions, the purely space-like vector currents are expressed as equations [8]

Ĵ
[2],sea
V (~q) = −i

(
fπNN
mπ

)2
(IV)z

(
σ1(σ2 · ~q2)
|~q2|2 +m2π

−
σ2(σ1 · ~q1)
|~q1|2 +m2π

)
(2.4.2)
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and

Ĵ
[2],pif
V (~q) = i

(
fπNN
mπ

)2
(IV)z

(σ1 · ~q1)(σ2 · ~q2)
(|~q1|2 +m2π)(|~q2|

2 +m2π)
(~q1 − ~q2), (2.4.3)

where the momenta ~q1 + ~q2 = ~q are defined as

~q1 = ~pa − ~h, ~q2 = ~pb − ~h′, (2.4.4)

and IV is the two-body isovector operator

IV = (~τ1 × ~τ2). (2.4.5)

The combined seagull and pion-in-flight currents of Eq. (2.4.2) and Eq. (2.4.3) satisfy the continuity
equation with the one-pion-exchange potential [87]

Vπ(~q) = −

(
fπNN
mπ

)2 (σ1 · ~q)(σ2 · ~q)
m2π + |~q|2

(τ1 · τ2). (2.4.6)

To obtain the prescriptions for CC neutrino interactions, we follow the conservation of vector
current and perform a rotation in a isospin space [88]. Thus, we replace the third component of
the IV operator by

(IV)z → (IV)± = ((IV)x ± i(IV)y). (2.4.7)

We implicitly assume that the total meson-exchange current is a sum over all target nucleon pairs

Ĵ
[2],MEC
V (~q) =

A∑

i<j

Ĵ
[2],MEC
V (~q,~qi,~qj). (2.4.8)

In order to consider the inner structure of hadrons in our currents, it is necessary to introduce
form factors. A standard regularization procedure at the πNN vertex involves a monopole form
factor

Γπ(|~q|
2) =

Λ2π −m2π
|~q|2 +Λ2π

, (2.4.9)

with a cutoff massΛπ = 1250MeV. One can interpret this choice as if the nucleon emitted a heavy
pion of mass Λπ, which is then converted into a pion [89]. Thus, we write the seagull current as

Ĵ
[2],sea
V (~q) = −i

(
fπNN
mπ

)2
(IV)zF

V
1 (Q

2)

(
Γ2π(|~q2|

2)
σ1(σ2 · ~q2)
|~q2|2 +m2π

− Γ2π(|~q1|
2)
σ2(σ1 · ~q1)
|~q1|2 +m2π

)
(2.4.10)

with each pion vertex multiplied by Γπ, ensuring CVC. For the pion-in-flight diagram, we obtain

Ĵ
[2],pif
V (~q) = i

(
fπNN
mπ

)2
(IV)zF

V
1 (Q

2)Γπ(|~q1|
2)Γπ(|~q2|

2)
(σ1 · ~q1)(σ2 · ~q2)

(|~q1|2 +m2π)(|~q2|
2 +m2π)

(~q1 − ~q2).

(2.4.11)
In both currents, we have also regularized the XπNN and Xππ vertices, relying on the vector
meson dominance model [68]. As discussed in Ref. [4], these couplings could be multiplied by
two distinct form factors: Fsea(Q2) and Fpif(Q2), respectively. However, as argued in Ref. [89],
these form factors should be equal, and in this case, the vertices should contain the isovector
nucleon form factor FV1 (Q2).
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Axial currents

Out of themeson-exchange currents discussed in the previous subsection, only the seagull current
has an axial counterpart. Contrary to the vector current, in the low-energy limit, the axial seagull
current is purely time-like [4] and reads

ρ̂
[2],sea
A (~q) =

i

gA

(
fπNN
mπ

)2
(IV)±

(
σ2 · ~q2

|~q2|2 +m2π
−

σ1 · ~q1
|~q1|2 +m2π

)
, (2.4.12)

where gA = 1.26 is the axial coupling constant. To account for the inner structure of hadrons, we
regularize the πNN vertices using the samemonopole form factors as in the vector seagull current
case. However, constraining the currents at the electroweak vertices is more challenging as it
relies on the partially-conserved axial current hypothesis. This procedure is not unambiguous in
the low energy limit and requires additional assumptions. Our model considers three solutions
described in Ref. [4] in detail, which read

ρ̂
[2],sea1
A (~q) = i

(
fπNN
mπ

)2
(IV)±GA(Q

2)

(
Γ2(|~q2|

2)
σ2 · ~q2

|~q2|2 +m2π
− Γ2π(|~q1|

2)
σ1 · ~q1

|~q1|2 +m2π

)
, (2.4.13)

ρ̂
[2],sea2
A (~q) =

i

gA

(
fπNN
mπ

)2
(IV)±

(
Fπ(|~q1|

2)Γ2(|~q2|
2)

σ2 · ~q2
|~q2|2 +m2π

− Fπ(|~q2|
2)Γ2π(|~q1|

2)
σ1 · ~q1

|~q1|2 +m2π

)
,

(2.4.14)

and

ρ̂
[2],axi
A (~q) =

i

gA

(
fπNN
mπ

)2
(IV)±

(
Fπ(|~q2|

2)Γ2(|~q2|
2)

σ2 · ~q2
|~q2|2 +m2π

− Fπ(|~q1|
2)Γ2π(|~q1|

2)
σ1 · ~q1

|~q1|2 +m2π

)
.

(2.4.15)

In these formulations, to comply with PCAC, we have introduced an additional pion form factor

Fπ(|~q|
2) =

m2ρ

|~q|2 +m2ρ
. (2.4.16)

The first current, Eq. (2.4.13), denoted as sea1, corresponds to the straightforward axial version
of Eq. (2.4.10) by adjusting the coupling and introducing the axial form factor GA(Q2) in its
standard dipole parametrization. This expression, derived using the soft-pion approximation [90],
has been used in neutrino-deuteron studies of Ref. [88]. Note that it does not rely on the PCAC
hypothesis in its construction. The second current, Eq. (2.4.15), denoted as sea2, is a non-relativistic
reduction of the current used in calculations by I. Ruiz Simo et al. [80]. To understand this
formulation, we refer to the form factor of Eq. (2.4.16), which follows the ρ-meson dominance
of the ππNN vertex and was introduced to preserve the one-body version of PCAC. We use the
same form factor to regularize the axialWπNN vertex. Finally, we constrain the πNN vertices in
the same way as for the previous currents. Using this brings us very close to the prescriptions
of Ref. [80], as our vector currents, up to the usage of the Γπ(~q) form factor, correspond to the
non-relativistic limits of the currents used therein.
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Figure 2.27: Diagrams included in the axial density ρ[2],axiA , derived in Ref. [90].

The axial current, denoted as axi was introduced in Ref. [90] and comprises three diagrams
shown in Fig. 2.27. The first diagram is an axial version of the seagull current, including an
exchange term. The other two diagrams have a structure similar to a pion-in-flight current but
with one of the pions replaced by a ρ-meson. The coupling of the W-boson at the πρ vertex
in these diagrams is either a contact coupling or an A1-pole. The two diagrams with a π − ρ

exchange have no vector equivalent, and their range can be considered similar to that of the vector
diagrams since one of the mesons is a pion. The combination of these three currents satisfies the
two-nucleon version of the PCAC relation when we take their divergence. Finally, we multiply
the πNN vertices in the current by the appropriate Γπ(~q) form factors to account for the finite
structure of the hadrons. This current has the same operator structure as the two axial seagull
currents, but because it includes more diagrams, we contend that it is the optimal choice for our
model.

To study the contribution of meson-exchange currents to the lepton-induced one- and two-
nucleon knock-out reactions, we will use the vector seagull and pion-in-flight currents, and the
axial density axi. In Appendix A and Appendix B, we summarize the matrix elements and cross
section formulas for the 1p1h and 2p2h cases. Then, we wrap the reduced matrix elements for
vector and axial operators in Appendix C.

Inclusive electron scattering

Comparing to electron scattering data has to be an essential cross-check for any viable neutrino-
nucleus scattering model. Here, we will use the Rosenbluth decomposition of Ref. [39], which
allows us to access the longitudinal and transverse inclusive strength for different fixed values
of |~q|. In Fig. 2.28, we present the 1p1h and 2p2h hadronic responses of 12C calculated using
the meson-exchange currents mentioned earlier. The impact of these corrections on inclusive
responses is tiny. Thus, to learn more, we present the separated 1p1h and 2p2h results in Fig. 2.29
andFig. 2.30, respectively. In the former, which shows the corrections relative to the bare IA result,
the seagull and pion-in-flight contributions enter with a different sign. Therefore, to a large extent,
their influence cancels, reducing the responses for the lowest energies and increasing their strength
in the higher energy regions. The negative relative sign in the seagull and pion-in-flight currents
is also visible in the 2p2h responses, where they experience a substantial destructive interference.
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the 12C nucleus confronted with the experimental results of Ref. [39]. The black and orange dashed lines
present the 1p1h results with andwithout themeson-exchange currents corrections, respectively. The solid
orange line shows the 2p2h calculation, while the solid black line is the full calculation.
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Figure 2.29: Corrections to the 1p1h hadronic responses for fixed momentum transfer values in electron
scattering off the 12C nucleus. Different curves correspond to the contributions of seagull and pion-in-flight
diagrams.
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Figure 2.30: 2p2h hadronic responses for fixed momentum transfer values in electron scattering off the 12C
nucleus. Different curves correspond to the contributions of seagull and pion-in-flight diagrams.

This phenomenon explains the tiny contribution to the inclusive responses in electron scattering.
As discussed in the previous subsections, the non-relativistic vector seagull and pion-in-flights

currents are entirely space-like. In Fig. 2.31, we present inclusive electron scattering cross sections
for different fixed angles of the outgoing electron θe′ = 15◦, 30◦, 60◦. Here, we see that the 2p2h
contribution is purely transverse and becomes less constrained themore transverse the kinematics
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is. Finally, in Fig. 2.32, we summarize the A-dependence of our calculation. The isospin rules
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Figure 2.32: Differences due to nuclear targets involved in the inclusive electron scattering cross sections
induced by meson-exchange currents. (Top) the solid lines show the scattering off 16O, while the dashed
lines show the scattering off the 12C nucleus. (Bottom) 16O/12C ratio of the inclusive cross sections for the
outgoing proton-neutron pairs. The dashed lines present different ratios of nuclear constituents.

in electron scattering allow only interactions on initial proton-neutron pairs for the seagull and
pion-in-flight currents. Similarly to the SRC-induced case, the strength of interaction on these
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deuteron-like configurations asymptotically scales like target nuclei mass number A to the power
of 1.44.

Inclusive neutrino scattering

In this subsection, we present our model of neutrino-nucleus interactions under the same con-
ditions as the electron part. Here, we find non-zero results only in the WL and WT responses.
Fig. 2.33 shows the inclusive neutrino-induced responses with the effect of the seagull and pion-
in-flight currents. Contrary to the electron case, here we find a sizeable contribution of the seagull
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Figure 2.33: Inclusive hadronic responses for fixed momentum transfer values in neutrino scattering off
the 12C nucleus. The black and orange dashed lines present the 1p1h results with and without the meson-
exchange currents corrections, respectively. The solid orange line shows the 2p2h calculation, while the
solid black line is the full calculation.

axial current in the longitudinal response. In Fig. 2.34, we present the IA 1p1h corrections stem-
ming from including MECs in the calculation. In the longitudinal response WL, we compare
different prescriptions for the axial density, finding axi and sea1 to be comparable in strength
while sea2 is significantly stronger. This effect is consistent with the 2p2h responses in Fig. 2.35.
The sea2 calculation dominates the lower energy regions, allowing it to interfere stronger with the
IA result in the 1p1h process. Note that we have not explicitly imposed CVC, and the longitudinal
pion-in-flight result comes from the WLL response. Moreover, we do not observe any contribu-
tions to the WT ′ 2p2h responses, which are sensitive to the vector-axial interference. This effect
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Figure 2.34: Corrections to the 1p1h hadronic responses for fixed momentum transfer values in neutrino
scattering off the 12C nucleus. Different curves correspond to the contributions of seagull and pion-in-flight
diagrams. The dotted and dot-dashed lines present results of using different prescriptions for the axial
seagull current, as described in the text.

originates from the vector contributions being purely space-like and the axial—entirely time-like.
In Fig. 2.31, we demonstrate the capability of our model to produce inclusive neutrino-nucleus

scattering cross sections for the fixed values of the outgoing muon angle θµ. Here, we see that the
2p2h contributions contain both vector and axial parts, which reflects our model’s components.
Finally, we summarize all cross section properties in Fig. 2.37, focusing on outgoing proton-proton
and proton-neutron pairs. The A-dependence of interactions on initial proton-neutron pairs is
consistent with all previous results and asymptotically reaches A1.44. On the other hand, the
interactions on neutron-neutron pairs, which lead to proton-neutron emission, scale significantly
differently from other processes and combinatoric expectations. We find the ratio of outgoing
nucleon configuration to be within a range of 3 to 5. This is about factor ∼ 2.5 higher than in the
electron case but similar to the ratio we found in the SRC-induced processes. These conclusions
finish the discussion on the basic aspects of our model. Moving forward to the next chapter, we
will enhance our model by integrating meson-exchange currents involving diagrams with explicit
∆-isobar degrees of freedom.
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Figure 2.35: 2p2h hadronic responses for fixed momentum transfer values in neutrino scattering off the
12C nucleus. Different curves correspond to the contributions of seagull and pion-in-flight diagrams. The
dotted and dot-dashed lines present results of using different prescriptions for the axial seagull current, as
described in the text.

 0
 50

 100
 150
 200
 250
 300
 350

 0  20  40  60  80  100 120 140 160

(1p1h)

dσ
/d
ε µ

dΩ
µ
 [1

0-4
2  

cm
2 /

M
eV

/s
r]

ενµ = 750 MeV, θµ = 15o

(IA+) sea+pif

 0
 20
 40
 60
 80

 100
 120
 140
 160
 180

 0  50  100  150  200  250  300

(1p1h)

ενµ = 750 MeV, θµ = 30o

longitudinal

 0

 10

 20

 30

 40

 50

 0  100  200  300  400  500  600

(1p1h)

ενµ = 750 MeV, θµ = 60o

transverse

 0

 0.5

 1

 1.5

 2

 0  100  200  300  400  500  600

(2p2h)

ω [MeV]

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2
 1.4

 0  100  200  300  400  500  600

(2p2h)

ω [MeV]

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4

 0  100  200  300  400  500  600

(2p2h)

ω [MeV]

Figure 2.36: Inclusive cross sections for neutrino scattering off the 12C nucleus for fixed outgoingmuon an-
gle θµ = 15◦, 30◦, 60◦. The gray and black lines correspond to the longitudinal and transverse contributions,
respectively. The orange line shows the final calculation involving meson-exchange currents.



2.4. MESON-EXCHANGE CURRENTS 83

 0

 0.5

 1

 1.5

 2

 2.5

 0  100  200  300  400  500  600dσ
/d
ε µ

dΩ
µ
 [1

0-4
2  

cm
2 /

M
eV

/s
r] ενµ = 750 MeV, θµ = 15o

16O pp
12C pp

 0
 0.2
 0.4
 0.6
 0.8

 1
 1.2
 1.4
 1.6

 0  100  200  300  400  500  600

ενµ = 750 MeV, θµ = 30o

16O pn
12C pn

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0  100  200  300  400  500  600

ενµ = 750 MeV, θµ = 60o

 1

 1.5

 2

 2.5

 3

 0  100  200  300  400  500  600

16
O

 / 
12

C

pp
pn

 1

 1.5

 2

 2.5

 3

 0  100  200  300  400  500  600

A1.44

N⋅Z

 1

 1.5

 2

 2.5

 3

 0  100  200  300  400  500  600

N⋅(N-1)/2

 0

 2

 4

 6

 8

 10

 0  100  200  300  400  500  600

pp
 / 

pn

ω [MeV]

16O
12C

 0

 2

 4

 6

 8

 10

 0  100  200  300  400  500  600
ω [MeV]

 0

 2

 4

 6

 8

 10

 0  100  200  300  400  500  600
ω [MeV]

Figure 2.37: Contribution of the different outgoing nucleon pairs to the inclusive neutrino scattering cross
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3
Cross sections for one- and

two-nucleon knock-out reactions

Multinucleon knock-out contribution has proved vital in understanding neutrino-nucleus scattering
experiments. A complete model of such interactions should involve several relevant many-body diagrams
and be capable of providing inclusive, semi-inclusive, and exclusive cross section predictions. We perform
calculations in a non-relativistic framework with explicit (N,∆, π) degrees of freedom combined with the
dynamically evaluated short-range nucleon correlations. We focus on the aspects of the modeling affected
by the ∆-resonance propagator prescriptions and numerical input for the nucleon correlation functions.
To understand the reliability of our description, we validate our calculations through a comparison with
inclusive electron scattering data. This chapter constitutes the core of the first direction of our work—the
microscopic modeling part [1].

3.1 Isobar degrees of freedom

Nucleon resonances are short-living excited states that involve an altered internal structure of their
parent baryon. The possibility of exciting nucleons to their resonant states provides significant
strength in scattering experiments [2]. This behavior is vivid in electro- and neutrino-induced
single-pion production reactions on nuclear targets, where the resonant reactions dominate the
non-resonant background [3]. One can interpret meson-exchange current diagrams to be created
once an electroweaklyproducedpion is capturedonanothernucleon in thenuclearmedium. Thus,
the currents involving nucleon resonances should be significantly more relevant than seagull or
pion-in-flight, which we investigated in Chapter 2. The most prominent resonance we should
consider is the isobaric ∆(1232), and including its effect in the calculations is a prerequisite for a
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reliable two-nucleon knock-outmodel. In the followingdiscussion, we consider this resonance as a
separate baryonic species in addition to the nucleon. Moreover, we assume that the exact intrinsic
structure of the ∆-resonance is not resolved: whether it arises from pion-nucleon dynamics or
quark physics is not relevant.

This section investigatesmeson-exchange currents, which include nucleon excitations, limiting
ourselves to the ∆(1232) isobar. They are commonly known as ∆-currents. We construct them
by coupling an electroweak probe to a NN∆ vertex and the pion, produced in the subsequent ∆
decay, to another nucleon leg. The former coupling can happen before or after the pion exchange,
resulting in a resonant or non-resonant ∆ propagator, respectively. Out of all π-related two-body
currents investigated in our modeling, the ∆-current is the only one in which we consider strong
mediumdependence. However, we only consider diagramswhere the∆ is attached to a boson line.
Fig. 3.1 schematically presents the investigated MEC diagrams for lepton-induced two-nucleon
knock-out reactions. Similarly, Fig. 3.2 shows the two-body current corrections to one-nucleon
knock-out processes obtained with ∆-currents.
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Figure 3.1: Graphical representation of the two-body ∆-mediated currents in the two-nucleon knock-out
process: (a), (c) external boson coupling before the meson-exchange, (b), (d) external boson coupling after
the meson-exchange.
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Figure 3.2: Graphical representation of the contribution of the two-body ∆-mediated currents to the one-
nucleon knock-out process: (a), (c) external boson coupling before the meson-exchange, (b), (d) external
boson coupling after the meson-exchange.

Several theoretical approaches have investigated the significance of the ∆-mediated meson-
exchange currents in electron- and neutrino-induced two-nucleon knock-out reactions on nuclei.
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The cornerstone of this research path is the work on low-energy photoabsorption and electron
scattering involving two-nucleon systems, as described in a few seminal papers [4,5]. Later, such
models started incorporating explicit ∆ degrees of freedom, e.g., [6,7]. This progress led to the
development of models, such as M. Dekker et al. [8,9], J. Amaro et al. [10,11]., and A. De Pace et
al. [12], which accurately described MEC-induced transverse response enhancement in electron
scattering. The fundamental researchonelectromagneticmeson-exchange currents is summarized
in Refs. [2,13,14]. For neutrino reactions,∆-currents are included inmodels implemented inMonte
Carlo neutrino event generators, such as those by M. Martini et al. [15], J. Nieves et al. [16], and
SuSAv2 [17,18]. They are also essential ingredients in the extended factorization framework of N.
Rocco et al. [19], as well as in the relativistic Fermi gas calculations by I. Ruiz Simo et al. [20,21] and
the similar relativistic shellmodel approach [22]. Webase our presentedmodel on electromagnetic
calculations of Refs. [23–26] and, in this section, extend their results to neutrino interactions.

Vector currents

We consider single-pion exchange diagrams involving the ∆(1232) isobar, as depicted in Fig. 3.1.
In the electron-induced reaction, we encounter the πNN, πN∆, and γN∆ vertices, which we
evaluate using the standard methodology in the low energy limit [2]. For the πNN vertex, we use
the pseudovector coupling

LπNN = i
fπNN
mπ

(σ · ~q)(τ · ~π), (3.1.1)

matching the seagull and pion-in-flight currents studied in Chapter 2. To handle the∆-resonance,
we introduce the spin and isospin 1/2→ 3/2 transition operators ~S and ~T , respectively. Per analogy
to the πNN vertex, we use the effective Lagrangians of the form [26]

LπN∆ = i
fπN∆
mπ

(
~S† · ~q

)(
~T† · ~π

)
, (3.1.2)

LγN∆ = i
fγN∆

mπ
GγN∆(Q

2)
(
~S† × ~q

)
· ~A~T†z , (3.1.3)

where f2πN∆/4π = 0.37 and fγN∆ = 0.12. The electromagnetic form factor GγN∆(Q2) is
parametrized as [27]

GγN∆(Q
2) =

1

(1+ Q2/Λ2)2
1√

1+ Q2/Λ2
, (3.1.4)

where Λ1 = 0.84 GeV/c and Λ2 = 1.2 GeV/c. Note that this form factor decreases with Q2 faster
than the nucleon dipole form [28,29]. Finally, similarly to other meson-exchange currents in our
model, we regularize the πNN and πN∆ vertices with monopole form factors

Γπ(|~q|
2) =

Λ2π −m2π
|~q|2 +Λ2π

, (3.1.5)
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where Λπ = 1250 MeV/c. With the Lagrangians mentioned above, we derive the expression of
the ∆-currents in momentum space as

Ĵ
[2],∆
V (~q) =

i

9

fπNNfπN∆fπNγ

m3π
GγN∆(Q

2)

×
{
(Gres
∆ +Gnres

∆ )

(
(IV)z

[
Γ2π(|~q1|

2)(σ2 × ~q1)
(~σ1 · ~q1)

|~q1|2 +m2π
− Γ2π(|~q2|

2)(σ1 × ~q2)
(~σ2 · ~q2)

|~q2|2 +m2π

]
× ~q

+ 4(τ2)zΓ
2
π(|~q2|

2)(~q2 × ~q)
(~σ2 · ~q2)

|~q2|2 +m2π
+ 4(τ1)zΓ

2
π(|~q1|

2)(~q1 × ~q)
(~σ1 · ~q1)

|~q1|2 +m2π

)
+ (Gres

∆ −Gnres
∆ )

(
2i(IV)z

[
Γ2π(|~q1|

2)~q1
(~σ1 · ~q1)

|~q1|2 +m2π
− Γ2π(|~q2|

2)~q2
(~σ2 · ~q2)

|~q2|2 +m2π

]
× ~q

− 2i(τ2)zΓ
2
π(|~q2|

2)((σ1 × ~q2)× ~q)
(~σ2 · ~q2)

|~q2|2 +m2π
− 2i(τ1)zΓ

2
π(|~q1|

2)((σ2 × ~q1)× ~q)
(~σ1 · ~q1)

|~q1|2 +m2π

)}
,

(3.1.6)

where we used the following identities

(~S · ~A)(~S† · ~B) = 2

3
(~A× ~B) − i

1

3
((~σ× ~A)× ~B), (3.1.7)

τa2T
a
1 (T

†
1)z =

2

3
(τ2)z − i

1

3
(τ1 × τ2)z. (3.1.8)

Gres
∆ and Gnres

∆ are the ∆ propagators in the resonant (Fig. 3.2a and Fig. 3.2c) and the non-resonant
(Fig. 3.2b and Fig. 3.2d) cases, respectively. We defer the discussion of their properties to the
next-to-next subsection. To obtain the prescriptions for CC neutrino interactions, we follow the
conservation of vector current and perform a rotation in isospin space [30]. Thus, we replace the
third component of the ~T operator as

~Tz → ~T± = (~Tx ± i~Ty). (3.1.9)

Note that this results in the following substitutions: (IV)z → (IV)± and (τ)z → 2(τ)±.
A common approach in the low-energy nuclear studies is to assume the ∆-resonance in the

static limit (Gres
∆ ' Gnres

∆ ' 1/(M∆ −MN)). Using this approximation, we obtain the following
current

Ĵ
[2],∆,st
V (~q) = i

2

9

fπNNfπN∆fπNγ

m3π(M∆ −MN)
GγN∆(Q

2)

×
{
(IV)z

[
Γ2π(|~q1|

2)(σ2 × ~q1)
(~σ1 · ~q1)

|~q1|2 +m2π
− Γ2π(|~q2|

2)(σ1 × ~q2)
(~σ2 · ~q2)

|~q2|2 +m2π

]
× ~q

+ 4(τ2)zΓ
2
π(|~q2|

2)(~q2 × ~q)
(~σ2 · ~q2)

|~q2|2 +m2π
+ 4(τ1)zΓ

2
π(|~q1|

2)(~q1 × ~q)
(~σ1 · ~q1)

|~q1|2 +m2π

}
,

(3.1.10)

which recovers the result of Ref. [23].

Axial currents

Contrary to the seagull meson-exchange currents, the non-relativistic ∆-currents are space-like
in both the vector and axial case [13]. To obtain the low-energy limit prescription for the axial
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current, we refer to the discussion by I. Towner [13], who proposes the following structure

Ĵ
[2],∆,Towner
A,i (~q) = −

1

9

f2πN∆
m2π(M∆ −MN)

gA
2m2ρ

|~q|2 + 2m2ρ

×
{
(IV)i

[
(σ2 × ~q1)

(~σ1 · ~q1)
|~q1|2 +m2π

− (σ1 × ~q2)
(~σ2 · ~q2)

|~q2|2 +m2π

]
+ 4(τ2)i~q2

(~σ2 · ~q2)
|~q2|2 +m2π

+ 4(τ1)i~q1
(~σ1 · ~q1)

|~q1|2 +m2π

}
,

(3.1.11)

where gA is the axial coupling and mρ is the mass of the ρ meson. This result has been derived
from the meson-isobar-nucleon Lagrangian—containing π, ρ, and A1 mesons—originating from
the hard-pion model of E. Ivanov and E. Truhlik [5]. Here, the external boson coupling is
constrained by the axial form factor

gA(|~q|
2) = gA

2m2ρ

|~q|2 + 2m2ρ
, (3.1.12)

which assumes the A1-meson dominance of the coupling and m2A1 ' 2m
2
ρ. This formulation of

the current satisfies the two-body version of the PCAC hypothesis [13].
To adapt the current of Eq. (3.1.11) to our framework, we notice that it corresponds to the static

limit of Eq. (3.1.10). Thus, we retain the complete ∆-propagator formulation and obtain a robust
axial current

Ĵ
[2],∆
A (~q) = −

1

2

1

9

f2πN∆
m2π

GA(Q
2)

×
{
(Gres
∆ +Gnres

∆ )

(
(IV)±

[
Γ2π(|~q1|

2)(σ2 × ~q1)
(~σ1 · ~q1)

|~q1|2 +m2π
− Γ2π(|~q2|

2)(σ1 × ~q2)
(~σ2 · ~q2)

|~q2|2 +m2π

]
+ 4(2τ2)±Γ

2
π(|~q2|

2)~q2
(~σ2 · ~q2)

|~q2|2 +m2π
+ 4(2τ1)±Γ

2
π(|~q1|

2)~q1
(~σ1 · ~q1)

|~q1|2 +m2π

)
+ (Gres

∆ −Gnres
∆ )

(
2i(IV)±

[
Γ2π(|~q1|

2)~q1
(~σ1 · ~q1)

|~q1|2 +m2π
− Γ2π(|~q2|

2)~q2
(~σ2 · ~q2)

|~q2|2 +m2π

]
− 2i(2τ2)±Γ

2
π(|~q2|

2)(σ1 × ~q2)
(~σ2 · ~q2)

|~q2|2 +m2π
− 2i(2τ1)±Γ

2
π(|~q1|

2)(σ2 × ~q1)
(~σ1 · ~q1)

|~q1|2 +m2π

)}
,

(3.1.13)

where we introduced the Q2-dependent version of the axial form factor, in its standard dipole
form, by the following substitution: gA(|~q|2) → GA(Q

2). This method is consistent with the
prescriptions of Ref. [30]. In what follows, we refer to this solution as axi1, while we call the
current involving gA(|~q|2)—axi2.

∆-resonance propagator

Defining field properties for particles with spins greater than one-half and nonvanishing mass,
presents several challenges. The non-uniqueness and gauge freedom lead to inevitable complexity
of such a description. While the Dirac equation provides a good description of spin-1/2 fermions,
the next most complex case, spin-3/2, still has ambiguities. Calculating diagrams involving a
spin-3/2 (∆-)isobar requires understanding its propagator and in-medium properties, usually ex-
pressed in the Rarita-Schwinger formalism [31]. The natural prescription for our non-relativistic



92 3. CROSS SECTIONS FOR ONE- AND TWO-NUCLEON KNOCK-OUT REACTIONS

framework is the static approximation. However, this approach lacks the characteristic resonant be-
havior. This subsection will discuss variousmethods of extending the∆-propagation prescription
to account for its relativistic nature.

In the diagrams presented in Fig. 3.1, we encounter two ∆ propagators, which correspond to
the isobar interacting with an external boson at either the beginning or the end of its excitation.
As schematically shown in Fig. 3.3, neglecting the produced pion’s fate, we can discuss these
processes as the direct and crossed∆(1232)-pole diagrams of single-pion production, respectively.
To describe the isobar dynamics, we adopt the following propagators

γ π

N N∆

(a) Direct term (s-channel).

γ π

N N∆

(b) Crossed term (u-channel).

Figure 3.3: Graphical representation of the ∆-resonance excitation with an external photon, and its de-
excitation.

Gres
∆ =

1

M∆ −
√
s− i/2Γ res∆ + V∆

, Gnres
∆ =

1

M∆ −
√
u
, (3.1.14)

where
√
s and

√
u are the intrinsically available energies in the resonant and non-resonant cases,

respectively. Γ res∆ is the free ∆-resonance width [32]

Γ res∆ =
1

3

f2πN∆
4π

|~pπ|
3

m3π

MN + Eπ√
s

, (3.1.15)

expressed in center-of-momentum frame variables. Additionally, we correct the resonant propa-
gator with a potential V∆, which brings in-medium effects into the formula.

Modeling in-medium properties of nucleon resonances and their impact on various lepton-
nucleus interaction channels, especially single-pion production [33], is a relevant topic in the
community. Typical values for the ∆ self-energy in the medium, also denoted as Σ∆, are
VChen&Lee
∆ = −40 − i30 [MeV], as used in the calculations of Ref. [25]. E. Oset and L. Salcedo

calculated this quantity for pion photo-production in a Fermi gas as a function of photon en-
ergy [34]. To use that, we introduce the effective energy transfer

ωγ = ω+
q2

2MN
, (3.1.16)

which mimics the real photon energy in electron scattering interactions. However, this potential
is a function of (ρ/ρ0), with the nuclear density ρ relative to the saturation value ρ0. For nuclei,
that are finite-sized hadronic systems, it is argued that using the value of ρ = 0.75ρ is more
accurate. Here, we follow the description of J. Ryckebusch et al. [26] and take ρ = ρ0. Fig. 3.4
presents the solutions to describe the imaginary part of the∆ potential as a function of the effective
energy transfer and the impact of these in-medium effects on the real and imaginary parts of the
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Figure 3.4: (Left) parametrizations of the ∆-resonance nuclear potential V∆ and (right) their impact on the
real and imaginary parts of the propagator Gres

∆ .

∆ propagatorGres
∆ . We see that, while the prescriptions provide similar results, their general effect

is a significant suppression. One can also find other parametrizations of the ∆ self-energy in
the literature, such as the ones by J. Nieves et al. [35] or M. Hjorth-Jensen et al. [36]. The former
provides a significantly higher real part than the descriptions mentioned above.

Calculating the propagatorsGres
∆ andGnres

∆ requires evaluating Mandelstam variables s and u,
respectively. For this purpose, we need to understand the kinematics of the investigated processes.
In the direct term of Fig. 3.3a, the external boson transfers energy (ω) and momentum (~q) directly
to the nucleon state. Thus, assuming the target nucleon, of binding energy εh, to be at rest, we
obtain

s = q2 + (MN − εh)
2 + 2ω(MN − εh). (3.1.17)

As discussed before, one could derive an effective quantity [37]

sγ = (MN − εh)
2 + 2ωγ(MN − εh), (3.1.18)

which translates the properties of this process to the real photon equivalent. However, we found
this correction negligible (s− sγ ≈ 0.015q2) and will use the prescription of Eq. (3.1.17) [26]. The
evaluation of the u = (q− pNa)

2 variable is more complex, as we do not have access to the isobar
state’s dynamics before the interaction. Ref. [26], similarly to the calculation of s, assumes the ∆
is at rest and receives the whole momentum transferred to the system (~pNa ' ~q). However, this
solution is prone to diverge at

√
u =M∆, and we must introduce dynamical information into the

formalism to deal with this issue. The momentum conservation of the final state nucleons is

~Phh′ + ~q = ~pNa + ~pNb (3.1.19)

where ~Phh′ is the momentum of the nucleons COM system. Following the rational reasoning of
the approximation by K. Gottfried [38], which introduces quasi-deuteron back-to-back kinematics
of two-nucleon states, we put |~Phh′ | ≈ 0. In our framework, we calculate the propagators at the
level of the inclusive cross section, with only the ω and ~q variables available. Thus, to average
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over the momenta of the final nucleons, we put (~pNa ' ~q/2) and get

u =

(√
M2
N + |~q|2/4

)2
−

(
|~q|2

4

)
. (3.1.20)

This formula is well-constrained and significantly more realistic than the approach used in
Ref. [26].

To improve the treatment of relativistic effects in the ∆-resonance excitation process, starting
from the static isobar model, one needs to account for the poles of the form (M2

∆ − s)−1 and
(M2

∆ − u)−1 in the direct and crossed channels, respectively [2]. As J. Dekker et al. presented [9],
one should treat the propagators, resembling the relativistic Breit-Wigner distribution, as

Gres
∆ =

2M∆

M2
∆ − s− iM∆Γ

res
∆ + 2M∆V∆

, Gnres
∆ =

2M∆

M2
∆ − u

. (3.1.21)

In Fig. 3.5, we present the final results of the resonant and non-resonant propagators for two
values of momentum transfer |~q| = 200, 1000MeV/c. We see that the corrections in the s-channel
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Figure 3.5: ∆-isobar propagators for the fixed values of the momentum transfer |~q| = 200, 1000 MeV/c,
compared to the calculations of Ref. [26]. (Left) the real and imaginary parts in the resonant case; (right)
the real part of the non-resonant propagator.

are minor, while the ones in the u-channel avoid the divergence at lowω.
Finally, we will address the approximations used in the previous studies with our framework:

in Ref. [23], the propagators are treated in a static way, obtaining

Gres
∆ =

1

M∆ −MN
, Gnres

∆ = 0, (3.1.22)

limiting the number of contributing spin and isospin structures, as presented in Eq. (3.1.10). The
resonating approach proposed by J. Dekker et al. [9] extended the model’s applicability [24] and
introduced the resonant prescription for the ∆ isobar

Gres
∆ +Gnres

∆ =
1

M∆ −MN −ω− i/2Γ res∆
+

1

M∆ −MN +ω
(3.1.23)

Gres
∆ −Gnres

∆ = 0. (3.1.24)
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However, these calculations are limited to the same number of terms as the static one. In the past,
the complete calculation has been presented in Ref. [26]. Nowadays, there are many discussions
about the quantum-mechanical consistency of simultaneously using two-nucleon knock-out and
single-pion production models for inclusive lepton-induced processes. It has been argued by A.
De Pace et al. that to avoid double-counting of the ∆-resonance strength; one needs to remove
the imaginary part of the propagator [39]. We refer to this approach as the real part only and
analyze its significance in the following subsections. To study the contribution of ∆-currents to
the lepton-induced one- and two-nucleon knock-out reactions, we will use different propagator
prescriptions and the axial current axi1. In Appendix A and Appendix B, we summarize the
matrix elements and cross section formulas for the 1p1h and 2p2h cases. Then, we wrap the
reduced matrix elements for vector and axial operators in Appendix C.

Inclusive electron scattering

To ensure the reliability of any neutrino-nucleus scattering model, it is essential to compare it
against electron scattering data. In this section, we benchmark our model with the ∆-currents
only. To achieve this, we repeat the analyses of Chapter 2 and use the data of Ref. [40], which
provides inclusive electron scattering measurements. This method permits separate longitudinal
and transverse inclusive strength access for various fixed values of |~q|. Fig. 3.6 presents the
∆-currents-modified 1p1h and 2p2h responses in electron scattering off Carbon. As our current

 0
 5

 10
 15
 20
 25
 30

 0  50  100  150  200  250  300

W
T 

[G
eV

-1
]

ω [MeV]

12C, q = 300 MeV/c

Barreau
(1p1h) IA

 0
 5

 10
 15
 20
 25
 30
 35

 0  50  100 150 200 250 300 350 400
ω [MeV]

12C, q = 400 MeV/c

(2p2h) del

 0
 5

 10
 15
 20
 25
 30
 35

 0  100  200  300  400  500
ω [MeV]

12C, q = 550 MeV/c

(1p1h+2p2h) IA+del

Figure 3.6: Inclusive hadronic responses for fixed momentum transfer values in electron scattering off the
12C nucleus confronted with the experimental results of Ref. [40]. The black and blue dashed lines present
the 1p1h results with and without the ∆-currents corrections, respectively. The solid blue line shows the
2p2h calculation, while the solid black line is the full calculation.

formulation is purely space-like, inclusive electron scattering obtains∆-current contributions only
in the transverse part. Here, we observe a visible enhancement in the 1p1h responses, similar for
all three kinematics, and a characteristic resonance peak structure in the 2p2h responses, which
becomes more pronounced with increasing |~q|. We describe this behavior in detail in Fig. 3.7 and
Fig. 3.8, respectively. In the former, we see the low-ω nature is similar for different ∆-current
prescriptions,while in the latter,we see thedifference starting from∼ 150MeV. At |~q| = 550MeV/c,
the resonating approach significantly enhances the 1p1h response, which corresponds to the 2p2h
strength peaking earlier than in other models, and is consistent with the results of Ref. [24]. The
most visible aspect of Fig. 3.8 is the substantial reduction of the 2p2h response due to removing
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Figure 3.8: 2p2h hadronic responses for fixed momentum transfer values in electron scattering off the 12C
nucleus. Different curves correspond to the choice of the ∆-propagator approximation, as described in the
text.

the imaginary part of the∆ propagator, especially for the higher values of themomentum transfer.
Finally, the characteristic ratio of the full and the static approaches is consistent with the results of
M. Dekker et al. [9] and A. De Pace et al. [12]. Still, the latter find the static model to start diverging
at lower values of ω in the transverse channel. This is surprising, as our results are consistent
with the older analysis by J. Amaro et al. [11].

We continue our investigations by combining the information from nuclear responses into
inclusive (e, e′) cross sections for fixed angles of the outgoing electron. In Fig. 3.9, we present
the 1p1h and 2p2h cross sections for the incoming energy εe = 750 MeV, representing a typical
energy scale for accelerator neutrino experiments, such as T2K. As expected, the effect of ∆-
mediated two-body currents is purely transverse. We summarize the cross section properties
in Fig. 3.10, distinguishing the contributions from the proton-neutron and proton-proton initial
nucleon pairs. One can see a significant dominance of the interaction strength coming from the
former targets. As in all SRC and other MEC results, the A-dependence of the electron-induced
proton-neutron emission is consistent with the power law of A1.44. The contribution of proton-
proton emission, as well as the target pair’s contribution ratio, changes across the investigated
dynamics. We infer that the energy dependence of the different isospin-configuration-sensitive
terms of Eq. (3.1.6) differs. Thus, it is perilous to draw general conclusions about the nature of



3.1. ISOBAR DEGREES OF FREEDOM 97

 0
 500

 1000
 1500
 2000
 2500
 3000
 3500
 4000

 0  20  40  60  80  100 120 140 160

(1p1h)

dσ
/d
ε e

'dΩ
e'

 [1
0-3

3  
cm

2 /
M

eV
/s

r]
εe = 750 MeV, θe' = 15o

(IA+) del

 0

 20

 40

 60

 80

 100

 0  50  100  150  200  250  300

(1p1h)

εe = 750 MeV, θe' = 30o

longitudinal

 0
 0.5

 1
 1.5

 2
 2.5

 3

 0  100  200  300  400  500  600

(1p1h)

εe = 750 MeV, θe' = 60o

transverse

 0

 5

 10

 15

 20

 25

 0  100  200  300  400  500  600

(2p2h)

ω [MeV]

 0

 1

 2

 3

 4

 5

 0  100  200  300  400  500  600

(2p2h)

ω [MeV]

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6

 0  100  200  300  400  500  600

(2p2h)

ω [MeV]

Figure 3.9: Inclusive cross sections for electron scattering off the 12C nucleus for fixed outgoing elec-
tron angle θe′ = 15◦, 30◦, 60◦. The gray and black lines correspond to the longitudinal and transverse
contributions, respectively. The blue line shows the final calculation involving ∆-currents.

these processes and universal laws other than the A-dependence of the proton-neutron emission.
I. Ruiz Simo et al. reported the pp/pn ratio of the bottom row in Fig. 3.10 to be between 12 to 6 [41],
with increasing energy of the interaction and its longitudinal character. This tension between the
two models requires a dedicated study.
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Figure 3.10: Contribution of the different outgoing nucleon pairs to the inclusive electron scattering cross
sections induced by∆-currents. (Top) the separation between proton-neutron and proton-proton final pairs
presentedwith the blue and black lines, respectively. Here, the solid lines show the scattering off 16O, while
the dashed lines show the scattering off the 12C nucleus. (Middle) 16O/12C ratio of the inclusive cross
sections for proton-neutron (green) and proton-proton (black) pairs. The dashed lines present different
ratios of nuclear constituents. (Bottom) ratio of different outgoing nucleon pair contributions to the
investigated cross sections, where the solid and dashed lines correspond to the 16O and 12C target nuclei,
respectively.
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Figure 3.11: Inclusive hadronic responses for fixed momentum transfer values in neutrino scattering off
the 12C nucleus. The black and blue dashed lines present the 1p1h results with and without the ∆-current
corrections, respectively. The solid blue line shows the 2p2h calculation, while the solid black line is the
full calculation.

Inclusive neutrino scattering

In this subsection, for the first time in the framework of the Ghent model, we present the neutrino-
induced two-nucleon knock-out results mediated by the ∆-currents. Fig. 3.11 illustrates the
calculations of the longitudinal, transverse, and asymmetric transverse responses for different
values of the momentum transfer |~q|. These results are similar yet stronger than their electron
counterparts, with an enhancement in the 1p1h strength and a peak in the 2p2h part. Note that
we access kinematics in the top right panel where the 2p2h response is larger than the 1p1h one.
In Fig. 3.12 and Fig. 3.13, we present the∆-current 1p1h corrections to the IA picture and the 2p2h
responses, respectively. The properties of these results, which stem from the modeling of the
∆-isobar propagation, are equivalent to our previous studies of electron-induced reactions. Here,
we investigate the different prescriptions for the axial current: axi1 (default) and axi2. One can see
that theQ2-dependent form factor of Eq. (3.1.13) (blue curve) exhibits the most physical behavior,
and we expect it to be more reliable.

Focusing on the cross sections, in Fig. 3.14, we present the results for the inclusive muon
neutrino-induced processes for the fixed value of the outgoing muon angle θµ. Here, the 2p2h
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Figure 3.12: Corrections to the 1p1h hadronic responses for fixed momentum transfer values in neutrino
scattering off the 12Cnucleus. Different curves correspond to the choice of the∆-propagator approximation,
as described in the text. The dashed blue and salmon lines present results of using different prescriptions
for the axial current, as described in the text.

longitudinal (axial) part of the interaction provides significant strength at more forward scattering
kinematics. Concluding these calculations, we present a summary of cross section properties in
Fig. 3.15, emphasizing the resulting proton-proton and proton-neutron pairs. Our analysis reveals
that theA-dependence of interactions on initial proton-neutronpairs alignswith previous findings
and approaches A1.44. In this case, the target nucleon pair’s contributions ratio is between 4 to 6.
This is consistent with the conclusions of I. Ruiz Simo et al. [21] that reported a value not exceeding
6. This good agreement adds to the validation of the constructed model.
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Figure 3.13: 2p2h hadronic responses for fixed momentum transfer values in neutrino scattering off the
12C nucleus. Different curves correspond to the choice of the ∆-propagator approximation, as described
in the text. The solid blue and salmon lines present results of using different prescriptions for the axial
current, as described in the text.
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Figure 3.14: Inclusive cross sections for neutrino scattering off the 12C nucleus for fixed outgoingmuon an-
gle θµ = 15◦, 30◦, 60◦. The gray and black lines correspond to the longitudinal and transverse contributions,
respectively. The blue line shows the final calculation involving ∆-currents.
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Figure 3.15: Contribution of the different outgoing nucleon pairs to the inclusive neutrino scattering cross
sections induced by∆-currents. (Top) the separation between proton-proton and proton-neutron final pairs
presentedwith the blue and black lines, respectively. Here, the solid lines show the scattering off 16O, while
the dashed lines show the scattering off the 12C nucleus. (Middle) 16O/12C ratio of the inclusive cross
sections for proton-proton (green) and proton-neutron (black) pairs. The dashed lines present different
ratios of nuclear constituents. (Bottom) ratio of different outgoing nucleon pair contributions to the
investigated cross sections, where the solid and dashed lines correspond to the 16O and 12C target nuclei,
respectively.
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3.2 Consistent modeling of two-body currents

The picture of a nucleus as a collection of nucleons submerged in a mean-field nuclear potential
accurately describes nuclear ground state and simple transition reactions. Such a model predicts
discrete energy levels and many quantum-mechanical effects, e.g., Pauli blocking. However, as
proved in exclusive electron scattering experiments, it is not sensitive enough to the local character
of the short-, intermediate- and long-range nucleon-nucleon correlations, mediated by the heavier
(ω, σ), medium (ρ) and lighter (π) mesons, respectively. In order to enhance its precision, it is
important to take into consideration the variations in the properties of the IPM, including the
presence of high-energy and high-momentum components in the nuclear wave function, as well
as the reduced occupancy of the shells. To effectively represent these factors, one must consider
the influence of two-body currents with diverse characteristics, which account for a wide range
of nuclear correlations, in the subsequent level of accuracy. When it comes to lepton-induced
reactions, this entails distributing the four-momentum transferred to the hadronic system among
pairs of nucleons, usually leading in their subsequent knock-out in coicidence.

So far, we have discussed the independentmodeling of different two-body currents in electron-
andneutrino-nucleus scattering. To combine these contributions,weneed to establish a framework
that avoids any double-counting of the modeled physical effects. We construct SRC as operators
that correct the initial nuclear state, mimicking the behavior of the nucleon-nucleon potential.
The coupling strength between the bosons and SRC pairs is the same as the coupling to a single
nucleon. Then, theMECs are explicit two-body currents of π-range that act dynamically when the
hadronic system interacts with an external boson. We conclude that, provided we do not consider
the correlation currents (Fig. 2.26), there is a clear separation of scales and effects between the
modeled SRC and MEC contributions, which makes our approach consistent.

To combine the SRC and MEC models, we refer to the discussion of Ref. [42]. Extending the
derivation of Section 2.3, we write the nuclear current involving IA and MECs as

Ĵhadν '
A∑

i=1

Ĵ
[1]
ν (i) +

A∑

i<j

Ĵ
[2],MEC
ν (i, j). (3.2.1)

Then, we build an effective current by including the SRC effect as

Ĵeffν '
A∑

i=1

Ĵ
[1]
ν (i) +

A∑

i<j

Ĵ
[1],SRC
ν (i, j) +

 A∑

i<j

Ĵ
[1],SRC
ν (i, j)

†

+

A∑

i<j

Ĵ
[2],MEC
ν (i, j) +

A∑

i<j

Ĵ
[2],int
ν (i, j) +

 A∑

i<j

Ĵ
[2],int
ν (i, j)

† ,
(3.2.2)

where the MEC-SRC interference term is

Ĵ
[2],int
ν (i, j) = Ĵ

[2],MEC
ν (i, j)l̂(i, j), (3.2.3)

where l̂ represents short-range correlations described in Section 2.3. From this formula, it is
clear that our framework distinguishes the following interaction contributions: the one-body
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current on an independent nucleon, the two-body behavior from the one-body current acting on
a short-range correlated pair, the two-body meson-exchange current on independent nucleons,
and the two-body meson-exchange current acting on a short-range correlated pair of nucleons.
We combine these elements coherently, accounting for their interference. In the following, it
will become clear that this interference is essential for the resulting cross sections. To study the
contribution of SRCs and MECs to the lepton-induced one- and two-nucleon knock-out reactions,
we will use the default choices for model ingredients, as described in the previous sections. In
Appendix A and Appendix B, we summarize the matrix elements and cross section formulas for
the 1p1h and 2p2h cases. Then, we describe the reduced matrix elements for vector and axial
operators in Appendix C.

Full model: inclusive electron scattering

Previously, in Section 2.3, Section 2.4, and Section 3.1, we performed analyses of components of
our model by comparing them to inclusive electron scattering data. Here, we combine our results
and confront the complete model again with the data of Ref. [40]. In Fig. 3.16, we present the final
inclusive electron scattering results, separated into the longitudinal and transverse responses, for
fixed |~q|. The net effect on the 1p1h responses is a |~q|-dependent reduction and a |~q|-independent
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Figure 3.16: Inclusive hadronic responses for fixed momentum transfer values in electron scattering off the
12C nucleus confronted with the experimental results of Ref. [40]. The black and red dashed lines present
the 1p1h results with and without the two-body currents corrections, respectively. The solid blue line
shows the 2p2h calculation, while the solid black line is the full calculation.

enhancement in the longitudinal and transverse ones, respectively. The 2p2h responses reflect
the shape of the experimental data, leaving space for other essential processes in the transverse
channel, such as single-pion production. In Fig. 3.17, we present the corrections to the 1p1h
responses, comparing the effects of SRC,MEC, andonly the∆-currents. Generally, the longitudinal
behavior is dominated by SRCs, while the transverse by MECs. We complete this part of the
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analysis by presenting 2p2h responses in Fig. 3.18. Here, we observe how ∆-currents dominate
the MEC contribution and how it interferes negatively with SRCs.

In Fig. 3.19, we present the complete model predictions for inclusive electron scattering cross
sections forfixedvalues of theoutgoing electron angleθe′ . Remembering that the SRCcontribution
is predominantly longitudinal and the MEC one purely transverse, we see a clear separation of
physical scales of these mechanisms, especially in the two distinct peaks in the bottom left panel.
We support the abovementioned observations with the general inclusive electron-nucleus cross
sectionproperties presented in Fig. 3.20. While theA-dependence of the emission of proton-proton
pairs depends on kinematics and particularmechanisms involved, the emission of proton-neutron
pairs follow the universal scaling ofA1.44. On top of that the ratio (pn/pp) of pair contributions is
very irregular with respect to the kinematical conditions and varies from 5 to 20. Nevertheless, the
final result is more consistent with the findings of Ref. [41] than the ratios presented in Fig. 3.10.
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Figure 3.17: Corrections to the 1p1h hadronic responses for fixed momentum transfer values in electron
scattering off the 12C nucleus. Different curves correspond to the inlusion of the SRC or MEC dynamics,
or both. The dotted line emphasizes the result of calculating ∆-current contributions only.
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Figure 3.18: 2p2h hadronic responses for fixed momentum transfer values in electron scattering off the 12C
nucleus. Different curves correspond to the inlusion of the SRC or MEC dynamics, or both. The dotted line
emphasizes the result of calculating ∆-current contributions only.
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Figure 3.19: Inclusive cross sections for electron scattering off the 12C nucleus for fixed outgoing electron
angle θe′ = 15◦, 30◦, 60◦. The gray and black lines correspond to the longitudinal and transverse con-
tributions, respectively. The red line shows the final calculation involving short-range correlations and
meson-exchange currents.
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Figure 3.20: Contribution of the different outgoing nucleon pairs to the inclusive electron scattering cross
sections induced by short-range correlations and meson-exchange currents. (Top) the separation between
proton-neutron and proton-proton final pairs presented with the red and black lines, respectively. Here,
the solid lines show the scattering off 16O, while the dashed lines show the scattering off the 12C nucleus.
(Middle) 16O/12C ratio of the inclusive cross sections for proton-neutron (green) and proton-proton (black)
pairs. The dashed lines present different ratios of nuclear constituents. (Bottom) ratio of different outgoing
nucleon pair contributions to the investigated cross sections, where the solid and dashed lines correspond
to the 16O and 12C target nuclei, respectively.
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Figure 3.21: Inclusive hadronic responses for fixed momentum transfer values in neutrino scattering off
the 12C nucleus.The black and red dashed lines present the 1p1h results with and without the two-body
currents corrections, respectively. The solid blue line shows the 2p2h calculation, while the solid black line
is the full calculation.

Full model: inclusive neutrino scattering

In this subsection, we present the results of the complete model of inclusive neutrino-nucleus
scattering mediated by one- and two-body currents. Fig. 3.21 illustrates the three kinds of re-
sponses for fixed values of the momentum transfer |~q|. We observe significant differences in the
longitudinal channel relative to the electron case. Due to the longitudinal axial ∆-current and its
combination with the seagull axial density, the MEC properties dominate the response for the
higher ω and |~q|. The 1p1h response suppression is noticeable only for the lowest momentum
transfer. The transverse responses have no MEC enhancement, and the 1p1h results remain un-
changed. All calculations present a visible structure of two peaks: 1p1h and 2p2h. In Fig. 3.23,
we show the corrections to 1p1h responses, comparing the contributions from SRC and MEC
components. One can observe a nontrivial interplay between the two effects, whichmainly results
in a reduction at lower and an enhancement at higher regions of ω. The corresponding analysis
of the 2p2h responses is presented in Fig. 3.24. Here, we observe a behavior that is very similar to
one of the electron case, with the ∆-currents dominating the two-nucleon knock-out process.

Finally, we present neutrino-nucleus inclusive cross section calculations, including SRC and



110 3. CROSS SECTIONS FOR ONE- AND TWO-NUCLEON KNOCK-OUT REACTIONS

MEC dynamics. Fig. 3.25 shows the results for an incoming muon neutrino energy of ενµ =

750MeVandfixedvalues of the outgoingmuon angle θµ = 15◦, 30◦, 60◦. Compared to the electron
results of Fig. 3.19, we find a significant reduction of the SRC contribution, as the conditions are
more transverse in the neutrino case. We summarize the 2p2h cross section properties in Fig. 3.26.
Once again, we see that the A-dependence of the complete model calculations on proton-neutron
initial pairs scales as A1.44. The (pp/pn) pairs emission ratio, which in the neutrino-induced
reactions translates to the interactions on proton-neutron and neutron-neutron initial pairs, varies
from 4 to 6. This result is consistent with the results of Ref. [21].
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Figure 3.22: Contribution of the different outgoing nucleon pairs to the inclusive neutrino scattering cross
sections induced by short-range correlations and meson-exchange currents. (Top) the separation between
proton-proton and proton-neutron final pairs presented with the red and black lines, respectively. Here,
the solid lines show the scattering off 16O, while the dashed lines show the scattering off the 12C nucleus.
(Middle) 16O/12C ratio of the inclusive cross sections for proton-proton (green) and proton-neutron (black)
pairs. The dashed lines present different ratios of nuclear constituents. (Bottom) ratio of different outgoing
nucleon pair contributions to the investigated cross sections, where the solid and dashed lines correspond
to the 16O and 12C target nuclei, respectively.
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Figure 3.23: Corrections to the 1p1h hadronic responses for fixed momentum transfer values in neutrino
scattering off the 12C nucleus. Different curves correspond to the inlusion of the SRC or MEC dynamics,
or both. The dotted result emphasizes the sole result of calculating ∆-currents contributions.
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Figure 3.24: 2p2h hadronic responses for fixed momentum transfer values in neutrino scattering off the
12C nucleus. Different curves correspond to the inlusion of the SRC or MEC dynamics, or both. The dotted
result emphasizes the sole result of calculating ∆-currents contributions.
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Figure 3.25: Inclusive cross sections for neutrino scattering off the 12C nucleus for fixed outgoing muon
angle θµ = 15◦, 30◦, 60◦. The gray and black lines correspond to the longitudinal and transverse con-
tributions, respectively. The red line shows the final calculation involving short-range correlations and
meson-exchange currents.
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Figure 3.26: Contribution of the different outgoing nucleon pairs to the inclusive neutrino scattering cross
sections induced by short-range correlations and meson-exchange currents. (Top) the separation between
proton-proton and proton-neutron final pairs presented with the red and black lines, respectively. Here,
the solid lines show the scattering off 16O, while the dashed lines show the scattering off the 12C nucleus.
(Middle) 16O/12C ratio of the inclusive cross sections for proton-proton (green) and proton-neutron (black)
pairs. The dashed lines present different ratios of nuclear constituents. (Bottom) ratio of different outgoing
nucleon pair contributions to the investigated cross sections, where the solid and dashed lines correspond
to the 16O and 12C target nuclei, respectively.
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Figure 3.27: Semi-inclusive 12C(e, e′p) cross section for the incoming energy εi = 750MeV at the deflection
angle θ = 15◦. The distributions correspond to the energy transfer ω = 200 MeV and in-plane nucleon
kinematics (φ = 0◦). The calculations involve: (top left) seagull and pion-in-flight currents, (top right) ∆-
currents, (bottom left) short-range correlations, and (bottom right) all the contributions added coherently.

Full model: semi-inclusive two-nucleon knock-out

The true strength of our model lies in its ability to produce exclusive cross section predictions
that account for the kinematics of the outgoing nucleons in electron- and neutrino-induced two-
nucleon knock-out reactions. We exemplify this power in a series of semi-inclusive cross section
results with the kinematics corresponding to the previous inclusive cross sections and ω =

200MeV, targeting thedip regionbetween the SRCandMECcontributions. Fig. 3.27presents semi-
inclusive electron-induced two-nucleon knock-out cross sections on the Carbon target, comparing
particular dynamicalmodels. We see that seagull+pion-in-flight,∆-currents, and SRC calculations
provide a similar shape as a function of the kinetic energy and angle of the detected nucleon. For
such forward kinematics (θe′ = 15◦), the proton also peaks in the forward direction. In Fig. 3.28,
we show the contributions from proton-proton and proton-neutron emission to the SRC+MEC
calculation. Although the results differ in magnitude, their shape reflects the general features of
this kinematical regime.

Fig. 3.29 presents semi-inclusive neutrino-induced two-nucleon knock-out cross sections on the
Carbon target. The distributions are similar to the electron case, yet slightly less peaked, especially
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Figure 3.28: Semi-inclusive 12C(e, e′p) cross section calculated with the full model, for the incoming
energy εi = 750MeV at the deflection angle θ = 15◦. The distributions correspond to the energy transfer
ω = 200 MeV and in-plane nucleon kinematics (φ = 0◦). The calculations are separated into (left) the
proton-proton and (right) proton-neutron outgoing pair contributions.

the seagull+pion-in-flight contribution. In Fig. 3.30, we show the results of proton-neutron and
proton-proton emission to the SRC+MEC calculation. Here, the former is more peaked but retains
properties similar to all distributions presented in this subsection.
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Figure 3.29: Semi-inclusive 12C(νµ, µp) cross section for the incoming energyεi = 750MeVat thedeflection
angle θ = 15◦. The distributions correspond to the energy transfer ω = 200 MeV and in-plane nucleon
kinematics (φ = 0◦). The calculations involve: (top left) seagull and pion-in-flight currents, (top right) ∆-
currents, (bottom left) short-range correlations, and (bottom right) all the contributions added coherently.
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Figure 3.30: Semi-inclusive 12C(νµ, µp) cross section calculated with the full model, for the incoming
energy εi = 750MeV at the deflection angle θ = 15◦. The distributions correspond to the energy transfer
ω = 200 MeV and in-plane nucleon kinematics (φ = 0◦). The calculations are separated into (left) the
proton-neutron and (right) proton-proton outgoing pair contributions.

Full model: exclusive two-nucleon knock-out

Exclusive cross sections in 2p2h reactions provide interaction probabilities on the whole 8-
dimensional phase space. These calculations are the closest to the experimental picture, as
modeled by Monte Carlo neutrino event generators. However cumbersome, such calculations,
with the complete kinematics constrained, are numerically less demanding than the inclusive
computations. Fig. 3.31 presents the electron-induced interaction cross sections for the kinemat-
ical conditions described in the previous subsection. The outgoing nucleons are in-plane, which
means their relative φ angle is zero. Here, we see the characteristic back-to-back nucleon con-
figurations for all models involved: seagull+pion-in-flight, ∆-currents, and SRC. In Fig. 3.32, we
distinguish the emission of proton-proton and proton-neutron pairs. We observe that the angular
distributions for the former are symmetric, while the difference in nucleon isospin introduces a
small asymmetry.

Fig. 3.33 presents exclusive neutrino-induced two-nucleon knock-out cross sections on the
Carbon target. One can see that the top left distribution (seagull+pion-in-flight) is the only one
that provides back-to-back configurations for higher angles of the nucleons. However, the other,
forward peaked, contributions provide significantlymore strength anddominate the final result in
angular distribution presented at the bottom right panel. We conclude this analysis by presenting
the proton-neutron and proton-proton emission contributions to the exclusive neutrino-induced
two-nucleon knock-out processes in Fig. 3.34. Here, the asymmetry that was anticipated from
electron results does not appear. However, the left distribution has an irregular peak structure.
Understanding the origin of this effect will require a dedicated investigation.
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Figure 3.31: Exclusive 12C(e, e′NaNb) cross section for the incoming energy εi = 750MeV at the deflection
angle θ = 15◦. The distributions correspond to the energy transfer ω = 200 MeV and in-plane nucleon
kinematics (φ = 0◦). The calculations involve: (top left) seagull and pion-in-flight currents, (top right) ∆-
currents, (bottom left) short-range correlations, and (bottom right) all the contributions added coherently.
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Figure 3.32: Exclusive 12C(e, e′NaNb) cross section calculated with the full model, for the incoming
energy εi = 750MeV at the deflection angle θ = 15◦. The distributions correspond to the energy transfer
ω = 200 MeV and in-plane nucleon kinematics (φ = 0◦). The calculations are separated into (left) the
proton-proton and (right) proton-neutron outgoing pair contributions.
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Figure 3.33: Exclusive 12C(νµ, µNaNb) cross section for the incoming energy εi = 750MeVat the deflection
angle θ = 15◦. The distributions correspond to the energy transfer ω = 200 MeV and in-plane nucleon
kinematics (φ = 0◦). The calculations involve: (top left) seagull and pion-in-flight currents, (top right) ∆-
currents, (bottom left) short-range correlations, and (bottom right) all the contributions added coherently.
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Figure 3.34: Exclusive 12C(νµ, µNaNb) cross section calculated with the full model, for the incoming
energy εi = 750MeV at the deflection angle θ = 15◦. The distributions correspond to the energy transfer
ω = 200 MeV and in-plane nucleon kinematics (φ = 0◦). The calculations are separated into (left) the
proton-neutron and (right) proton-proton outgoing pair contributions.

3.3 Constraining the vector interaction

As encountered several times previously in this work, neutrino and electron interactions share
many similarities. The models used to describe the dynamics of target nucleons in lepton-nucleus
processes are almost equivalent. Moreover, weak interactions are composed of vector and axial
parts, while only the former is found in electron interactions. However, this allows us to constrain
at least the vector part of the model through comparisons with the extensive datasets of accurate
electron scattering results. Thus, a prerequisite for a reliable neutrino-nucleus interaction model
is the ability to reproduce its electron equivalent.

In our analyses performed in Section 2.3, Section 2.4, Section 3.1, and Section 3.2, we found
differences in the behavior of our model while adjusting the theoretical assumptions and model
components. Focusing on the vector interaction, we were able to eliminate the uncertainties
connected to choosing non-relativistic formulations of the axial meson-exchange currents. We
identify the most biased aspect of the SRC calculation to be the numerical input to the central
correlation function. After the discussion of Fig. 2.16 and Fig. 2.17, we concluded that theGearhart
(GD) and VMC calculations provide a reasonable understanding of the potential model uncer-
tainty. We consider the OMY solutions unrealistic[25]. Then, in the MEC contributions, we focus
on the ∆-currents, which are the least constrained theoretically due to the involvement of spin
3/2-particles. As presented in Fig. 3.7 and Fig. 3.8, our calculations are very sensitive to the choice
of the ∆-isobar propagator prescription. In what follows, we utilize the full model formulation.
However, as presented by other theoretical groups [39], the overlap between the ∆-resonance
modeled in MECs (virtual pion) and SPP (real pion) is not trivial, and double-counting of the
excitation strength is inevitable. As argued by A. De Pace et al., subtracting the imaginary part of
the ∆ propagator removes the components linked to the real pion production. As this approach
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is relatively crude, we consider this as an uncertainty of our model. The answer to this problem
depends on the particular single-pion production model used and requires a dedicated study. It
is possible that a consistent formulation combining MECs and SPP does not exist and should be
dealt with using phenomenological approaches.

Comparison to the JLab Hall A data

Before we compare to inclusive electron scattering data, we need a model for single-pion produc-
tion to extend the reliability of our results to the first resonance peak. For this purpose, we use the
Hybrid model of Ghent [3] in its latest parametrization [43]. This model has proved to provide
accurate results for electron- [44] and neutrino-nucleus scattering processes [33,45].

In Fig. 3.35, we present our comparison to the inclusive electron scattering data of Ref. [46].
The 1p1h and 2p2h calculations involve the uncertainties originating in the degrees of freedom
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Figure 3.35: Inclusive 12C(e, e′) electron scattering cross section as a function of the energy transferω, for
in coming projectile energy εe = 2222MeV and the deflection angle θe′ = 15.541◦ as measured by Ref. [46].
The red, blue, green, and black curves correspond to the calculated results from one-, two-nucleon knock-
out, single-pion production, and combined channels, respectively. The 1p1h and 2p2h calculations include
a selection of model uncertainties due to (left) the choice of the central correlation function, and (right) the
descriptions of the ∆-isobar propagator, denoted by solid and dashed lines.

discussed above: the choice of the central correlation function and the treatment of the ∆ propa-
gator, respectively. As expected, the former modifies mostly the 1p1h part, while the latter only
the 2p2h strength. We can see that all of the solutions slightly overestimate the height of the
quasielastic peak, and an additional reduction is needed. This issue can be solved by introducing
more nuclear effects accounting for nuclear correlations, but it goes beyond the scope of this
study. The description of the ∆ peak with the described models is challenging and requires using
the complete removal of the imaginary part of the ∆ propagator. This is consistent with the
results of Ref. [47], even considering the lower inelastic interaction strength presented therein. We
summarize our results, including both modeling degrees of freedom in Fig. 3.36.
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Figure 3.36: Inclusive 12C(e, e′) electron scattering cross section as a function of the energy transferω, for
in coming projectile energy εe = 2222MeV and the deflection angle θe′ = 15.541◦ as measured by Ref. [46].
The red, blue, green, and black curves correspond to the calculated results from one-, two-nucleon knock-
out, single-pion production, and combined channels, respectively. The 1p1h and 2p2h calculations include
a selection of model uncertainties due to the choice of the central correlation function and the descriptions
of the ∆-isobar propagator, denoted by solid and dashed lines.

Systematic study of model uncertainties

In this subsection, we wish to extend our comparisons to inclusive electron scattering datasets
covering various kinematical regimes on the 12C and 16O nuclear targets. Following the approach
of Ref. [39], we arrange our comparisons in an increasing order of the momentum transfer at the
quasielastic peak (|~qQE|). Fig. 3.37 presents the 1p1h and 2p2h electron scattering results of our
model compared to the experimental dataset in 4 kinematical setups on the Carbon target. In the
top left panel (|~qQE| ' 286MeV/c), we see a significant need to reduce the 1p1h peak and extend
its tail inω. This lack of additional spectroscopic-factors-like reduction is a general feature of our
model for lower energies and requires an introduction of more long-range correlation effects. In
this panel, the 2p2h contribution misses strength around ω ' 200 MeV. Then, in the top right
(|~qQE| ' 508MeV/c) and bottom left (|~qQE| ' 443MeV/c) panels, we see the typical intermediate-
energy behavior with the slight overestimation of the quasielastic peak and the 2p2h contribution
not filling the dip-region completely. The fact that the former kinematics is more transverse
(higher |~qQE|) and the 2p2h contribution is more pronounced does not alter our conclusions on the
modeling. Finally, in the bottom right panel (|~qQE| ' 791MeV/c), we observe the most energetic
kinematics, where the combination of the 2p2h and SPP results overestimate the ∆-peak. The
origin of this effect is unresolved and requires further studies.

Fig. 3.38 presents the inclusive electron scattering results off the Oxygen target. Similarly
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Figure 3.37: Inclusive 12C(e, e′) electron scattering cross section as a function of the energy transferω, for
different sets of experimental kinematics: (top left, top right) [40], (bottom left) [48], (bottom right) [49]. The
red, blue, green, and black curves correspond to the calculated results from one-, two-nucleon knock-out,
single-pion production, and combined channels, respectively. The 1p1h and 2p2h calculations include a
selection of model uncertainties due to the choice of the central correlation function and the descriptions
of the ∆-isobar propagator, denoted by solid and dashed lines.

to the calculations on Carbon, we compare four different datasets in their specific kinematical
conditions to the results of our model. We present the uncertainties around the degrees of
freedom described above. In the top left panel (|~qQE| ' 373 MeV/c), we see that the data in the
quasielastic peak are inconclusive, but the model predictions are relatively accurate. In the top
right panel (|~qQE| ' 447 MeV/c), we match the strength of the nucleon- and ∆ peaks, slightly
underestimating the dip region between them. The latter region is correctly reproduced in the
bottom left panel (|~qQE| ' 636 MeV/c). However, the other two regions are overestimated.
Finally, in the bottom right panel (|~qQE| ' 798 MeV/c), we again observe that the 2p2h+SPP
predictions significantly overshoot the data in the ∆-peak. We conclude the general properties of
our predictions as follows. The 1p1h results tend to slightly overestimate the quasielastic peak for
the lowest energies, while giving proper predictions for higher ones. The dip region is reproduced
accurately for the intermediate energies. It tends to be underestimated and overestimated for the
less and more energetical kinematics, respectively. Our model compares favorably to data around
the ∆-peak but provides significantly too much strength for higher projectile energies.
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Figure 3.38: Inclusive 12O(e, e′) electron scattering cross section as a function of the energy transfer ω,
for different sets of experimental kinematics: (top left, bottom left, bottom right) [50], (top right) [48]. The
red, blue, green, and black curves correspond to the calculated results from one-, two-nucleon knock-out,
single-pion production, and combined channels, respectively. The 1p1h and 2p2h calculations include a
selection of model uncertainties due to the choice of the central correlation function and the descriptions
of the ∆-isobar propagator, denoted by solid and dashed lines.

3.4 Numerical convergence

Understanding a given model’s numerical accuracy and limitations is vital to consider its results
trustworthy. In any circumstance, the more analytical calculations constitute a theoretical frame-
work, the easier to handle the model becomes. However, they are also time-consuming and stall
the research progress. The analytical computations are a substantial strength of our model and
allow to enhance its performance and limit numerical precision issues to a small number of nu-
merical efforts. Working in the angular momentum basis and applying multipole decomposition
allows us to, after tedious calculations, reduce the numerical problem down to single-dimensional
position or momentum integrals. Then, parameters, such as the number of multipoles in the ex-
pansion, the maximum number of partial waves of the continuum nucleon wave functions, or the
regions and precision of position integrals, can control the numerical accuracy. For most effects,
we rely on the experiences of the Ghent group and previous works therein [42]. In this section,
we discuss the model behavior under the change of the total number of multipoles involved in
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our calculations.

One-nucleon knock-out calculations

To investigate the numerical convergence of the 1p1h calculations, we present the IA inclusive
electron scattering results for different values of the outgoing electron theta. In Fig. 3.39 and
Fig. 3.40, we show the results on the Carbon andOxygen targets, respectively. We observe that the
required number of multipoles varies mainly with kinematics. For the most forward case, 6 − 8
multipoles are enough; for the intermediate conditions—8 − 10, while for the highest presented
angle—12. Thus, the most transverse the kinematics is, the more difficult it is to converge. These
conclusions do not change substantially for the different nuclei investigated here.
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Figure 3.39: (top) numerical convergence of the IA inclusive electron scattering calculations on Carbon
for the projectile energy εe = 750 MeV and fixed outgoing electron angles θe′ = 15◦, 30◦, 60◦. Each
consecutive darker and thicker line corresponds to adding 2 multipoles to the calculations. (bottom)
fractional contributions of particular lines to the total cross section result.
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Figure 3.40: (top) numerical convergence of the IA inclusive electron scattering calculations on Oxygen
for the projectile energy εe = 750 MeV and fixed outgoing electron angles θe′ = 15◦, 30◦, 60◦. Each
consecutive darker and thicker line corresponds to adding 2 multipoles to the calculations. (bottom)
fractional contributions of particular lines to the total cross section result.

Two-nucleon knock-out calculations

While investigating the required multipole number for our two-body current calculations to con-
verge, we distinguish the effect on the SRCs, seagull+pion-in-flight currents, and Delta-currents.
In Fig. 3.41 and Fig. 3.42, we show the results on theCarbon andOxygen targets, respectively. First,
we observe that the particle multipole number contributions do not differ significantly between
the investigated interaction dynamics. For the most forward scattering (θe′), we need to use ∼ 6

multipoles in the peak, but as many as 8− 10multipoles to describe the higher-ω tail. At interme-
diate kinematics, we need ∼ 8multipoles to represent the peak behavior correctly and ∼ 10 in the
tail. For the most transverse conditions, the contributions of each multipole pair do not vary with
ω. Here, we need at least 10 multipoles to provide reliable cross section predictions. In general,
our observations reasonably agree with the summary presented in Ref. [11]. Here, we conclude
the current status of our model that provides predictions for one- and two-nucleon knock-out
reactions and was benchmarked against the electron-scattering data. We presented illustrations
of the strength of this formalism in predicting neutrino-nucleus cross sections including these
reaction mechanisms. Next step in this research program is the implementation in NuWro. In the
following chapters, we will outline a scheme of how this can be accomplished.
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Figure 3.41: Multipole decomposition of the 2p2h inclusive electron scattering calculations on Carbon for
the projectile energy εe = 750 MeV and fixed outgoing electron angles θe′ = 15◦, 30◦, 60◦. The results
are obtained with the short-range correlactions, seagull+pion-in-flight currents, and the ∆-currents, for the
first three rows, respectively. Each consecutive darker and thicker line corresponds to adding 2 multipoles
to the calculations. (bottom) fractional contributions of particular lines to the total cross section result.
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Figure 3.42: Multipole decomposition of the 2p2h inclusive electron scattering calculations on Oxygen for
the projectile energy εe = 750 MeV and fixed outgoing electron angles θe′ = 15◦, 30◦, 60◦. The results
are obtained with the short-range correlactions, seagull+pion-in-flight currents, and the ∆-currents, for the
first three rows, respectively. Each consecutive darker and thicker line corresponds to adding 2 multipoles
to the calculations. (bottom) fractional contributions of particular lines to the total cross section result.
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4
Cascade model of final-state interactions

The hadron cascademodel is an essential part ofMonte Carlo neutrino event generators that governs final
state interactions of knocked-out nucleons and produced pions. This mechanism of simulating inelastic
nucleon-nucleus scattering is essential to provide the multiplicities of particles observed in an actual
detector set-up. We show that such a model enriched with physically motivated modifications of nucleon-
nucleon cross sections and incorporation of nuclear correlation effects can reproduce experimental nuclear
transparency data. Using this framework, we estimate the uncertainty of nucleon final state interaction
effects and apply it to recent neutrino-nucleus cross section measurements that include an outgoing
proton in the experimental signal. The material in this chapter is based on work that was published
previously as Physical Review C 100 (2019) 015505.

4.1 In-medium propagation of nucleons

The description of the transport of hadrons in nuclear matter is a challenge encountered in many
areas of fundamental research, such as astrophysics, the phenomenology of heavy-ion collisions,
and a broad spectrum of nuclear physics applications. The first notable attempt at modeling this
process was a Monte Carlo approach based on the ideas of R. Serber [1] and implemented by
Metropolis et al. [2,3]. Many others later followed this concept of cascading hadrons and signif-
icantly developed the model [4–7]. However, as discussed in Refs. [1,8], cascade models have
their applicability constrained by their fundamental theoretical assumptions. These doubts moti-
vated the development of two alternative solutions that went beyond this simplified picture and
were successfully used in, e.g., heavy-ion physics. The first one is based on Boltzmann-Uehling-
Uhlenbeck (BUU) equations [9], formulated to evolve the one-body phase-space density under the
influence of a mean field. The second one, Quantum Molecular Dynamics (QMD) [10], is formu-
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lated in terms of nucleon coordinates andmomenta under the action of amany-bodyHamiltonian.
Both approaches implicitly contain a two-body collision term. A detailed comparison of 15 inde-
pendent implementations of BUU and QMDmodels shows surprisingly considerable differences
in their predictions [11].

The transport problem is also essential for investigating elementary projectiles scattering off
atomic nuclei that involve final-state interactions of knocked-out nucleons and produced mesons.
It is particularly relevant in neutrino physics, where further progress in reducing systematic errors
in long- and short-baseline oscillation experiments [12] requires more extensive measurements
of final-state protons. On the one hand, it is needed in calorimetric techniques to reconstruct
neutrino energies. As discussed, e.g., in Refs. [13,14], more exclusive final state measurements
better estimate the neutrino energy. Also, the investigation of final-state protons allows us to
learn about the size of multinucleon ejection contribution to the inclusive cross section, which is
relevant even if neutrino energy is reconstructed based on the observation of the final-state muon
only.

Analyses of oscillation experiments require reliable theoretical predictions for the complexity
of nuclear response to neutrino probes with broad, energetic spectra. For this purpose, we use
event generators, such as NEUT, GENIE, NuWro, and GiBUU [15]. The first three of them model
FSI using the intranuclear cascademodel. A critical test that the FSImodel shouldpass is the ability
to reproduce nuclear transparency data from electron scattering studies [16]. Nuclear transparency
is the probability that a knocked-out nucleon is not subject to re-interactions inside the residual
nucleus. In the case of the Carbon target, used in MINERvA [17] and T2K [18] experiments,
typical transparency values are ∼ 65%. Therefore, in most events, knocked-out nucleons interact
at most once.

Nuclear transparency

Modeling scattering processes on nuclear targets relies on describing nucleon propagation within
a nuclear medium. To estimate the magnitude of nucleon distortion, one can introduce a measure
called nuclear transparency, defined as the probability of a struck nucleon escaping the nucleus
without significant re-interactions. Much attention has been brought to this subject following the
hypothesis of color transparency (CT) [16]. Such a phenomenon should suppress the probability
of in-medium nucleon-nucleon interaction at very high energies. CT has been extensively studied
in many experiments, using quasi-free A(e, e′p) scattering off various nuclei without definite
conclusions [16].

The general idea behind the measurement of the nuclear transparency in quasielasticA(e, e′p)
reactions is to confront an experimental yield of knocked-out protonswith a theoretical prediction
that does not include the distortion due to FSI. In these experiments, where an electron ejects a
proton p out of a nucleus A, using measured values of energy ω = E − E ′ and momentum
~q = ~k − ~k ′ transfers (E and ~k are the initial electron energy and momentum, primed values refer
to the final electron), one defines the missing momentum and the missing energy as

~pm ≡ ~pp − ~q, (4.1.1)

Em ≡ ω− Tp − TA−1. (4.1.2)
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Here Tp and TA−1 = |~pm|2/2MA−1 are the kinetic energies of the knocked-out proton and the
residual nucleus, respectively. Then, one defines nuclear transparency, measured for a fixed
four-momentum transfer Q2 ≡ |~q|2 −ω2, as

T(Q2) =

∫
V d3pmdEm Yexp(Em,~pm)∫
V d3pmdEm YPWIA(Em,~pm)

, (4.1.3)

where Yexp and YPWIA are proton yields of the measurement and theoretical calculation, respec-
tively. The phase space V is restricted to the quasielastic region by the conditions Em . 80MeV
and |~pm| . 300 MeV, which ensure the suppression of inelastic processes. The theoretical pre-
diction YPWIA is calculated under the plane wave impulse approximation hypothesis, i.e., that
the knocked-out nucleon undergoes no re-interactions. One should be aware that the definition
mentioned above suffers from amodel dependency as it relies on the accuracy of theoretical PWIA
computations.

Over the years, the following experiments have reported nuclear transparency measurements:

• D.F. Geesaman, G. Garino et al. at Bates Linear Accelerator Center [19,20],

• NE-18 at Stanford Linear Accelerator Center [21,22],

• E91-013 in Hall C at Thomas Jefferson National Accelerator Facility [23,24],

• E94-139 in Hall C at Thomas Jefferson National Accelerator Facility [25],

• E97-006 in Hall C at Thomas Jefferson National Accelerator Facility [26].

The measurements were done in different kinematical setups, with outgoing protons momenta in
the range from ∼ 0.5 to ∼ 5.5GeV/c, and for various nuclear targets, with themostwidely used 12C
and 56Fe. We summarize the information about the kinematics of transparency measurements in
Table 4.1.

The PWIAmodels used by experimental groups describe the proton target in the independent
particle shell models (IPSM). The IPSM-based calculations are known to overestimate single-
particle strength in exclusive reactions [29]. We attribute this discrepancy to the shell depletion
due to nucleon-nucleon correlations that cannot be fully accounted for in mean-field approaches
NE-18 at SLAC was the first experiment that introduced correlation factors cA in the definition
of transparency to correct for drawing single-particle strength outside the phase space V . This
involves a correction of

YPWIA(Em,~pm) = cA YIPSM(Em,~pm) (4.1.4)

with values cA = 0.90, 0.82 for 12C and 56Fe, respectively. These numbers are higher than typically
used spectroscopic factors, as they result from the integration over a specific phase space V [26].
In this study, we compare our results to transparency results as experimental groups published
them. Our treatment of correlation factors agrees with that from Ref. [30].

It is important to emphasize that the methods of introducing correlation factors are a subject
of ongoing debate. Some authors argue that because the experiments were conducted in the
transverse kinematics, which is less sensitive to the high-value tail of the nucleon momentum
distribution, the use of correlation factors is not justified [31]. Theoretical arguments suggest that
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Ref.

Central Central Central Central
Beam electron electron proton proton
energy energy angle momentum angle
(MeV) (MeV) (deg) (MeV/c) (deg)

[19,20] 780 565 50.3 572.5 50.1, 58.2, 67.9, 72.9

[21,22]

2015 1390 35.5 1200
43.4, 46.2, 49.0,

51.8, 54.6
3188 1470 47.7 2450 27.7, 30.5, 33.3
4212 1470 53.4 3540 20.9, 22.6
5120 1470 56.6 4490 15.9, 16.7, 17.3

[23,24,27]

2445 2075 20.5 882.8
35.4, 39.4, 43.4, 47.4,
51.4, 55.4, 59.4, 63.4,

67.4, 71.4, 75.4

3245 2255 28.6 1661.7
32.6, 36.6, 40.6,
44.6, 48.6, 52.6

2445 1755 32.0 1343
31.5, 35.5, 39.5, 43.5,

47.5, 51.5, 55.5
3245 1400 50.0 2572.5 25.5, 28.0, 30.5

845 475 78.5 882.8
27.8, 31.8, 35.8,
39.8, 43.8, 47.8

1645 675 80.0 1661.7 22.8, 26.8, 30.8, 34.8

[25,28]
3059 1300 54.0 2520

19.8, 22.3, 24.8,
27.3, 29.8

4463 1200 64.6 4090 15.3
5560 1270 64.6 5150 12.8

[26]

3298 2950 14.4 850 60.3
3298 2750 17.0 1000 56.2
3123 2500 22.2 1250 49.7
3298 2400 25.4 1500 44.6
3298 2280 29.0 1700 40.7

Table 4.1: Kinematical setups of A(e, e′p) experiments that reported nuclear transparency measurements.

soft Q2-dependent correlation factors would be more appropriate [32], but many recent papers
on nuclear transparency ignore them altogether [16]. CLAS Collaboration measured the nuclear
transparency of protons from short-range correlated pairs [33] and concluded that transparency
ratios Al/C, Fe/C, and Pb/C are consistent with the absence of the correlation factors in the
definition Eq. (4.1.3). Moreover, theoretical computations based on the Glauber theory [34–36]
and the relativistic optical potential [34,35,37] provide similar conclusions.
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4.2 Exclusive electron scattering simulations

Analyses of neutrino oscillation and cross section experiments require Monte Carlo simulations
to accurately reconstruct neutrino energy and estimate the systematic uncertainties. NuWro [38]
is a versatile neutrino Monte Carlo generator developed at the University of Wrocław that can
accurately model various neutrino-nucleus interaction channels in a PWIA-motivated framework.
This makes it a reliable tool for providing simulations needed in accelerator-based neutrino
experiments. In Section 1.4, we describe NuWro solutions for describing the quasielastic and
inelastic scattering off bound nucleons together with many nuclear effects, including two-nucleon
knock-out reactions. In this study [39], we attempt to constrain the NuWro model of final-state
interactions using exclusive electron scattering input. Thus, the most critical generator ingredient
is the intranuclear cascade model.

The cascade model describes the in-medium propagation of pions and nucleons. Its scheme
is inspired by the seminal papers by N. Metropolis et al. [2,3], but relevant physics ingredients are
new. We base the Monte Carlo sampling on the classical formula that expresses the probability
for a particle to propagate over a distance ∆xwith no re-interaction

P(∆x) = exp(−∆x/λ), (4.2.1)

where λ = (ρσ)−1 is the mean free path calculated locally, expressed in terms of nuclear density
ρ and an effective interaction cross section σ. In actual computations, we distinguish proton or
neutron densities and proton-proton or proton-neutron cross sections. Here, a step of∆x = 0.2 fm
is sufficient to grasp the structure of a nuclear density profile. The performance of the pion part
of this cascade model was benchmarked on numerous neutrino-nucleus pion production cross
section measurements showing, in general, a good agreement with the data, see, e.g., Ref. [40]. In
this study, we focus on the nucleon cascade model.

To perform computations, we use NuWro version 19.02 [41]. This version uses a custom fit to
the experimental free nucleon-nucleon cross sections, both elastic and inelastic, which improves
the agreement with the 2016 PDG dataset [15]. The fraction of single-pion production within
inelastic interactions was adjusted to follow the fits of Ref. [42]. Moreover, we have updated
the center-of-momentum (COM) frame angular distributions for the elastic scattering using the
parametrization of Ref. [43].

For the in-medium modification of the elastic cross sections, we use the results of Pand-
haripande and Pieper’s study [44], where the two main effects come from Pauli blocking and
in-medium nucleon effective mass. The Pauli blocking is included in NuWro on an event-
by-event basis, a straightforward way in Monte Carlo simulations. We checked that NuWro
cascade performance reproduces the results from Ref. [44] with sufficient accuracy. For the in-
elastic nucleon-nucleon scattering, we adopt a phenomenological in-medium cross section (σ∗NN)
parametrization [45]

σ∗NN = (1− η
ρ

ρ0
)σfreeNN, (4.2.2)

where η = 0.2, and ρ, ρ0 are the local and saturation nuclear densities, respectively.
Following the experiences of Refs. [30,36,44], we have included effects coming from nucleon-

nucleon short-range correlations. In general, one assumes the density that enters the mean free
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path in Eq. (4.2.1) to be the one of nuclear matter at point ~r2, as experienced by a propagating
nucleon known to be in a position ~r1. It can be expressed in terms of one- (ρ[1]A ) and two-body
(ρ[2]A ) densities as

ρ
[1]
eff (~r2|~r1) =

ρ
[2]
A (~r1,~r2)

ρ
[1]
A (~r1)

, (4.2.3)

normalized to the number of remaining nucleons
∫
d3~r2 ρ[1]eff (~r2|~r1) = A − 1. We introduce

correlation effects through the following substitution

ρ
[1]
eff,IPSM(~r2|~r1) = ρ

[1]
A−1(~r2)

→ ρ
[1]
A−1(~r2)g(|~r21|)N(|~r2|),

(4.2.4)

where g(|~r21|) is the nucleus-dependent pair distribution function [44], and N(|~r2|) is introduced
to keep the global normalization condition. For the choice of g(|~r21|), we rely on distributions
of nucleon-nucleon distances obtained in ab initio computations for light nuclei, including Car-
bon [46,47]. For heavier nuclei, including Iron, we approximate g(|~r21|) by the ab initio-calculated
infinite nuclear matter distributions ginf(ρavg, |~r21|) of Ref. [44], evaluated at average nuclear den-
sity. In our computations, we include effects coming from different shapes of g(|~r21|) for nucleon
pairs of the distinct isospin configurations, and following the scheme summarized in Eq. 4.2.4, we
define effective densities.

Verifying the cascade algorithm

Access to analytical calculations is an essential tool in benchmarking numerical algorithms. Here,
we will investigate methods of calculating nuclear transparency for a ball of radius R and constant
density, as depicted in Fig. 4.1.

ẑ

ŷ

x̂

R

(x, y, z) (x, y, z′)
L

(a) Average length of propagation in nucleon knock-out
reactions.

ẑ

ŷ

x

x+ dx

θ
θ +

dθ

(b) Spherical caps of an equal propagation length in the
ẑ-direction.

Figure 4.1: Graphical representation of the spatial in-medium nucleon propagation properties in knock-out
reactions.

We commence with calculating the average distance < L > traveled by a nucleon from a
random interaction point, in one direction, to the edge of the nucleus, see Fig. 4.1a. We obtain this
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quantity as follows

< L > =
1

V

∫

V

dxdydz (z ′ − z) = 1

V

∫

V

dxdydz (
√
R2 − x2 − y2 − z)

=
2πR4

V

∫1

−1
dr
∫1

0

d cos θ cos θ2
√
1− cos θ2 + r2 cos θ2 = 3

4
R.

(4.2.5)

Another useful quantity is the probability distribution of random points in a ball of radius R in
terms of their distance to the surface in one direction, denoted as fR(x). In order to find the
function, one needs to make the following observation: the points that are in the same distance
x form a spherical cap of a radius R, cut by the angle θ; see the two-dimensional projection in
Fig. 4.1b. In order to find the function, one needs to make the following observation: the points
in the same distance x form a spherical cap of a radius R, cut by the angle theta; see the two-
dimensional projection in Fig. 14. We obtain the distribution fR(x) by integrating the spherical
caps. However, as it is a function of x, we consider the Jacobian (dx = 2R cos θdθ) and obtain

fR(x) =

∫2π

0

dφ
∫θ ′

π
2

dθ R2 sin θ 2R cos θ = 4πR3
(
1−

x2

4R2

)
. (4.2.6)

Imposing the normalization over the whole nucleus to unity, the probability reads

fR(x) =
3

4R

(
1−

x2

4R2

)
(4.2.7)

and reconstructs the average propagation length of Eq. (4.2.5). Finally, we use it to calculate the
analytical transparency

T =

∫2R

0

fR(x)e−xρσdx = 3e−A(
1

A2
+
1

A3
) + 3(

1

2A
−
1

A3
), (4.2.8)

where A = 2ρσR = 2Rλ−1 and λ is the mean free path. We obtain a percent-level precision by
comparing this formula to the equivalent Monte Carlo results of NuWro.

NuWro as a tool in transparency studies

While using Monte Carlo event generators, one can define the "MC transparency" as a fraction of
events with no nucleon re-interactions. This is the method we used in the previous subsection.
However, experimentally, one cannot distinguish these events from those with "soft" FSI. Because
of that, to make a comparison reliable, we go through all the steps of the experimental procedures
to extract the theoretical counterpart of themeasured transparency. NuWro keeps the information
about particles before and after FSI. We can use this property in the computation of nuclear
transparency. Particles after FSI correspond to those detected in experiments, while particles
before FSI correspond to the theoretical computations in PWIA. At the moment of this study,
NuWro (in version 19.02) did not yet have a complete electron scattering module; hence, we use
neutral current (NC) interactions on bound proton targets. In doing so, we collect samples of
NC events with the same (electron mass is negligible) kinematics as in the transparency electron
scattering experiments. In both electron and neutrino cases, a radial distribution of interaction
points inside the nucleus is the same and given by the nucleus density profile.
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The main challenge is to reproduce experimental situations with complete information on the
kinematics and applied cuts. For every kinematical setup, we ran a simulation with the neutrino
beam energy equal to Ee. Then, we fixed the energy Ee′ and the in-plane angle θe′ for the outgoing
electron or neutrino around the central value of the spectrometer. Analogically fixed were the
momentumpp and the in-plane angle θp for the knocked-out proton. As in all the experiments, the
electron andproton spectrometerswere set in-plane, the out-of-plane angleswere fixed to the same
value φe′ = φp. The exclusive cross section formula is symmetric with respect to the rotation of
the system. Thus, only the relative out-of-plane angle between the electron andproton plays a role,
here set to φe′p = 0. We fixed all of the variables Ee′ , θe′ , pp, θp, φe′p with the accuracy provided
by the spectrometers’ energy or angular acceptance, namely∆Ee′ , ∆θe′ , ∆pp, ∆θp, ∆φe′p = ∆φe′+

∆φp. On top of those cuts, additional conditions were imposed using the information about the
Em, |~pm|. Finally, we summarize the beam energies and central spectrometers values for every
setup in Tab. 4.1, while the acceptances and the cuts on missing variables in Tab. 4.2.

To establish a proper framework for comparing nuclear transparency resultswith experiments,
we tested different ways of modeling the initial nuclear state in NuWro. We compared the SF-
and LFG-based simulations with exclusive properties of the knocked-out protons reported by
the E91-013 experiment at JLAB. As shown in Fig. 4.2, SF in NuWro can accurately reproduce a
measured shape of the angular distributions of knocked-out protons. The angular dependence of
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Figure 4.2: Angular distributions of the proton yield, as measured in the E91-013 experiment at JLAB.
Points represent data from Ref. [24] with the convention proposed in Ref. [27]. Lines are results computed
with SF in NuWro. ∆θp = 0 corresponds to the free proton target case. Both distributions are normalized
to the same area.

transparency reproduces a generally flat shape that can be seen in Fig. 2. of Ref. [23] with sufficient
precision. However, the angular distributions of the measured yield of protons for the LFG-based
simulations peak too strongly around the central value, which leads to the overestimation of the
proton transparency. Due to its simplicity, the LFG model fails to correctly predict the exclusive
kinematics, a prerequisite in reliable nuclear transparency studies.
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Table 4.2: Table of cuts used by experimental groups and introduced in our simulations.

We conclude that onlyNuWro simulations that use the spectral function framework as amodel
for the initial nuclear state can give reliable results compared to exclusive electron scattering
experiments. Unfortunately, such a conclusion imposes a limitation on nuclear targets that can
be simulated, as the hole spectral functions are available only for a limited number of nuclei
making an estimation of the A-dependence of nuclear transparency impossible in NuWro. The
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only targets we can reliably compare with the transparency measurements are 12C and 56Fe.
A similar study was done using the Giessen BUU transport model [48,49]. The experimental

data from three JLab and SLAC experiments [22,23,25] were analyzed using detailed information
about the angular acceptance of spectrometers. Interesting ingredients of the BUU discussion
are: an investigation of the impact of restricted angular acceptance on final results, a study of
transparency dependence on atomic mass T(A) ∼ Aα, an estimation of theoretical uncertainty
due to not precisely known correlation factors cA Ref. [31]. The final BUU results are similar
to those presented in this study regarding the large proton momentum transparency saturation
values. However, there is a visible difference at the lowest momentum (Q2) experimental point:
NuWro transparency continues to rise while the BUU transparency drops.

4.3 Constraining the FSI model

Using the tools and following the procedure described in the previous section, we attempt to esti-
mate the accuracy with which the NuWro cascade model reproduces exclusive electron scattering
data. In Fig. 4.3, we present the transparency simulation results for Carbon and Iron together
with data points collected from several experiments. In experimental papers, transparency is dis-

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

1 2 3 4 5

T
ra
n
s
p
a
re
n
c
y

pp [GeV/c]

JLab 2002 JLab 2005
 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

1 2 3 4 5

T
ra
n
s
p
a
re
n
c
y

pp [GeV/c]

Bates 1992 SLAC 1995 JLab 1998

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

1 2 3 4 5

T
ra
n
s
p
a
re
n
c
y

pp [GeV/c]

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

1 2 3 4 5

T
ra
n
s
p
a
re
n
c
y

pp [GeV/c]

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

1 2 3 4 5

NuWro 19.02 SF

T
ra
n
s
p
a
re
n
c
y

pp [GeV/c]

carbon iron

Figure 4.3: Nuclear transparency as a function of proton momentum. Lines represent results obtained
with NuWro 19.02 using SF for the Carbon and Iron targets. Experimental points come from experimental
papers mentioned in the text.

cussed as a function ofQ2, but this variable can be translated into an average proton momentum.
The transparency curve has a characteristic shape reproduced in all theoretical computations: a
saturation at larger values of protonmomentum and a decline in the region of ∼ 1GeV/c. One can
explain the saturation by a roughly constant value of the total free nucleon-nucleon cross sections
for larger values of the incident nucleon momentum. A region of transparency decline comes
from a complicated interplay of various nuclear effects and is the most difficult to model.

NuWro simulations for Carbon reproduce the transparency data quite well. For application
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in neutrino physics, the most critical region is that of low nucleon momentum, starting from
∼ 500 MeV/c, a detection threshold in experiments like T2K and MINERvA. We can see that
the value of the first available experimental point, from Ref. [20], is reproduced well, but then,
the decline of NuWro transparency is not steep enough. Predictions from our model are slightly
above the data in the saturation region. The same shape of the transparency curve results from the
calculations for the Iron target. We can attribute minor differences, including data overshooting at
low momenta, to nucleon-nucleon correlation effects being introduced more approximately with
respect to Carbon, as discussed in Section 4.2. In general, the agreement with the data points is
satisfactory.

Model uncertainties

As already discussed, nucleon FSI effects contribute to the background in all attempts to measure
multinucleon ejection contribution to the inclusive cross section. Thus, more is needed to have
a good qualitative agreement with the transparency data, but also it is vital to estimate the
uncertainty inherent in the nucleon FSI model. Our approach is to assess the uncertainty of
the nucleon mean free path as calculated by NuWro. We tried to define a 1σ error bound by
demanding that 2/3 of experimental points together with experimental errors are entirely inside
the bound. To achieve that, we multiply the mean free paths calculated within NuWro by a
constant overall scaling factor. We show this result in Fig. 4.4. The upper and lower dashed curves
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Figure 4.4: Nuclear transparency as a function of protonmomentum. Lines represent results obtainedwith
NuWro 19.02 using SF for the Carbon target. Dashed lines are results computed after scaling mean free
paths by ±30%. Experimental points come from the papers mentioned in the text.

were obtained by scaling up and down central mean free paths by 30%.
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Figure 4.5: Nuclear transparency, calculated with the full model and with the approximation discussed in
the text, as a function of proton momentum.

Monte Carlo transparency

In the Monte Carlo approach, a natural way to study nuclear transparency is to follow individual
cascaded protons and checkwhether they interact. However, as discussed earlier, such a definition
might not catch particular aspects of the situation that are important from the experimental
perspective and is expected to underestimate the final result. A refinement of the naive MC
transparency definition is to consider a finite angular acceptance of spectrometers, allowing
protons to interact softly without a significant direction change, e.g., ∆θp = 5◦. The value of 5◦

approximately coincides with an angle that expands a solid angle in experimental acceptances;
see Table 4.2.

In Fig. 4.5, we show the results for Carbon using different transparency definitions. One can
see that while the "no interactions" definition is too strict, the softer definition "∆θp = 5◦" works
quite well, especially in the saturation region. However, it cannot reproduce the first experimental
point at pp ' 625 GeV/c. Knowing this behavior, the definition "∆θp = 5◦" can be used for
less exhausting cascade checks. Note that in these results, we have not considered the fate of
short-range correlated nucleons existing in our SF implementation above the 2-nucleon missing
energy emission threshold. This means that the interactions of the second knocked-out nucleon
contributed to the "no int." definition of transparency. After accounting for this phenomenon, we
find the results consistent with the "∆θp = 5◦" definition up to pp ' 700 GeV/c. Then, the more
strict definition provides lower values of transparency by about 2 points in the saturation region.
These "no int." corrected results are consistently below the full calculation curve.

Cascade model ingredients

To understand the sources of uncertainties in our model, we present the impact of its various
ingredients on predicted transparency. In Fig. 4.6, we show results obtained with:
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• a bare cascade model with free nucleon-nucleon cross sections, projectile binding energy,
and target nucleon Fermi motion effects,

• a model that, on top of the bare model, includes Pauli blocking (labeled "+ Pauli blocking"),

• amodel that additionally includes in-medium nucleon-nucleon cross section effects (labeled
"+ in-medium effects"),

• the full model that includes nucleon-nucleon correlation effects (labeled "+ correlations").
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Figure 4.6: Nuclear transparency as a function of proton momentum obtained with different ingredients
of the theoretical model, see explanations in the text.

We can see that in the region of proton momenta below 1 GeV/c, all the theoretical ingredients of
the model are relevant, while for larger values of the momenta, correlation effects play the most
critial role.

The basic observation about the bare model is that it underpredicts the experimentally mea-
sured transparency by a significant amount. The proton momentum dependence of the corre-
sponding curve reflects themomentumdependence of free proton-proton or proton-neutron cross
sections. The effect of Pauli blocking is significant for lower momenta and slowly disappears with
increasing proton momentum. Although it may not be intuitive that the impact of Pauli blocking
extends up to pp ' 2.5GeV/c, for larger elastic scattering energies, the COMangular distributions
get more forward or backward peaked, leading to kinematics that are prone to be Pauli blocked.
As emphasized in Section 4.2, the in-medium nucleon-nucleon cross section modifications are
modeled differently for elastic and inelastic interactions. This is reflected in nuclear transparency,
where the modification of elastic cross sections has a stronger impact with lowering proton mo-
mentum, while the inelastic part has a constant behavior. The effect of the nuclear correlations
strongly depends on the average mean free paths in a given energy region. The free nucleon-
nucleon cross section is higher in the saturation region, and therefore, the mean free paths are
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lower, and the effect of correlations is more pronounced. In general, all sophisticated physical
ingredients always move the predicted transparency in one direction, making it larger.

There is a significant difference in transparency behavior at the lowest values of proton mo-
mentum or Q2 between the results presented here and the ones of Ref. [48], Fig. 3. A maxi-
mum at Q2 ' 1 (GeV/c)2, which one can see there, comes from the bare model maximum at
pp ' 0.8 GeV/c, see Fig. 4.6. In our model, this structure mostly disappears when we introduce
the in-medium modifications of the nucleon-nucleon cross sections.

4.4 Consequences for neutrino analyses

The description of nuclear effects, particularly the multinucleon ejection mechanism, is one of
the important uncertainties in neutrino oscillation analyses. Despite numerous theoretical [50–
58], experimental [59–63], and phenomenological [64–66] investigations to refine the accuracy of
this depiction, crude implementations in Monte Carlo event generators hamper efforts to draw
conclusions based on more detailed final states, such as those with only one muon and proton in
the final state. In the context of NuWro, as the remaining models have either satisfactory physical
content (an exact SF implementation for the CCQE channel) or were successfully compared with
data (for single pion production, see Refs. [67,68]), one can attempt to investigate the separation
of multinucleon ejection events, assuming a proper control of the FSI modeling. In the following
subsections, we present two applications of the cascade model uncertainties mentioned above on
the MC predictions in the CC0π experimental channel.

Application I: Single transverse variables

As the first application, we discuss T2K measurements of single transverse variables [69]. These
variables are defined in the following way

δpT = |δ~pT| = |(~pp)T + ~k′T|, (4.4.1)

δαT = arccos
(
−~k′T · δ~pT
k′TδpT

)
, (4.4.2)

δφT = arccos
(
−~k′T · (~pp)T
k′T(pp)T

)
, (4.4.3)

where k′, pp correspond to the outgoing lepton and proton, and index T denotes the transverse
projection w.r.t. the beam direction. NuWro results obtained with the SF model are known to
produce better results than the LFG ones [69]. Due to many adjustments in the FSI model, the
results obtained with NuWro 19.02 differ notably from the ones of older versions of NuWro. The
most significant effect is an increase in normalization. This only changes the values of χ2 for the
SF-based results only a little but makes the χ2 values larger for the LFG-based ones.

Fig. 4.7 shows how much uncertainty comes from possible NuWro FSI mismodeling. We see
that applying a global decrease of the cascademean free paths by 30%decreases the normalization
of the results. We checked that this does not significantly change the calculated values of χ2.
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Makingmean free paths 30% larger causes a slight increase in the value ofχ2. A general conclusion
is that the error coming from FSI strength is well under control for single transverse variables.

Application II: Proton multiplicities

An observable that is potentially very sensitive to nucleon FSI effects is a distribution of the
number of reconstructed protons. The dominant contribution to the experimental signal comes
from CCQE events. Thanks to FSI, there is a fraction of CCQE events with more than one proton;
otherwise, such events would be impossible. Another impact of FSI is that due to rescattering,
some protons lose kinetic energy dropping below the detection threshold, resulting in events with
no detected protons. Generally, the FSI net effect is primarily a migration of events fromN = 1 to
N = 0.

In Fig. 4.8, we compare NuWro predictions with the T2K data from Ref. [69]. We see that the
uncertainty coming from the unknown strength of FSI is not large. Here, larger nucleon mean
free paths result in increasing proton multiplicities. The data shape suggests that FSI strength
should be set at the highest value acceptable by the nuclear transparency data. The impact of FSI
on the distribution is smaller than expected. It is because the experimental proton acceptance cuts
eliminate most of the events with FSI.

We conclude that the FSI uncertainty applied to recent T2Kdata, which are potentially sensitive
to nucleon FSI, gives an uncertainty that suggests that FSI modeling is under control and that
there should be other sources of data and MC disagreement that is still seen in NuWro results.
There is a solid foundation for using these datasets in future research of multinucleon ejection
contributions and especially a very uncertain hadronic part of its modeling [70].
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Figure 4.7: Impact of FSI uncertainty in NuWro predictions for single transverse variables. Experimental
points are taken from Ref. [69].
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5
Generator implementation philosophy

Oscillation analyses rely on Monte Carlo event generators, providing theoretical predictions of neutrino
interactions on nuclear targets. Pions produced in these processes provide a significant fraction of
oscillation signal and background on both elementary scattering and detector simulation levels. Thus,
it is critical to develop techniques that will allow us to accommodate state-of-the-art theoretical models
describing single-pion production (SPP) into MCs. Based on comparison studies, we propose a novel
implementation strategy that combines satisfactory efficiency with high precision in reproducing details
of theoretical model predictions, including pion angular distributions. The proposed implementation
is model-independent, providing a framework that can include any model for SPP and be extended to
other reactions, including one- and two-nucleon knock-out. The following discussion was published
previously in a slightly different format as Physical Review D 103 (2021) 053003.

5.1 Single-pion production

Single-pion production is one of the main reaction channels relevant for accelerator-based neu-
trino experiments, where neutrino energies range from a couple of hundred MeVs up to several
GeVs [1]. Indeed, it is challenging to distinguish neutral pions from electrons in experiments with
detectors using Cherenkov radiation, such as T2K [2] and MiniBooNE [3]. This makes their pro-
duction the main background for the detection of low-energy electrons. A good understanding
of this background is essential for future CP violation measurements in the Hyper-Kamiokande
experiment [4] and in attempts to understand the excess of νe-like events reported by the Mini-
BooNE collaboration [5]. Moreover, produced pions issue a significant background for other
neutrino experiments, such as MicroBooNE [6], as it is challenging to distinguish charged pions
frommuons in Liquid Argon Time Projection Chambers. Regarding oscillation analyses, SPP also
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contributes to the commonly used CC0π experimental topology [7], provided that the pions are
reabsorbed in the nuclear medium or remain undetected. Furthermore, this interaction channel
is a part of the signal for oscillation experiments, especially with higher-energy neutrino beams
such as NOvA [8] and DUNE [9], but also for T2K [10].

Over the past few years, theMINERvA, T2K, ArgoNeuT, andMiniBooNE experiments [11–16]
have collected an increasingly large dataset for (anti)neutrino-induced single-pion production on
nuclear targets. Subsequently, it has been compared to predictions from several models, revealing
significant differences in their data description. Moreover, there are apparent tensions between
the MiniBooNE, T2K, and MINERvA SPP measurements [17–20] themselves. Ref. [21] showed
that a simultaneous agreement between the results of the ANL and BNL bubble chamber data
and the MINERvA experiment could not be reached. Furthermore, it was not possible to provide
a consistent description using a single parameter tune for the different SPP channels measured by
the latter.

The use of nuclear targets in neutrino oscillation experiments considerably complicates the
description of single-pion production because the presence of such a medium affects all of the
hadrons in the process. On top of that, final-state interactions, such as pion absorption or charge
exchange pion-nucleon scattering, alter the experimental signal entirely. It is seemingly an in-
tractable problem to provide a detailed microscopic description of FSI over the sizable phase
space of these experiments. For this reason, the FSI are usually treated in an approximate way
using intranuclear cascade models [22–24] implemented in various Monte Carlo neutrino event
generators.

An accurate model for such scattering off the nucleon is a prerequisite for a good description
of neutrino-induced single-pion production on nuclei in the factorized approach used in MCs.
Several studies have been conducted on neutrino-induced SPP off the nucleon [25–40]. However,
the available models have not readily found their way into Monte Carlo event generators, and if
so, without accounting for their full kinematic complexity.

In this work, we perform a detailed study of possible strategies to implement single-pion
production models in neutrino event generators. Based on the results of this study, we propose
a novel algorithm for the case of SPP on the nucleon target to allow for further progress in the
accommodation of information from recent experimental measurements. The algorithm ismodel-
independent, as it only relies on the kinematics of the process and ensures no relevant information
is lost on a neutrino-nucleon interaction level. Such a solution allows for any theoretical model to
be implemented inMCs, facilitating a comparison of different approaches. Additionally, owing to
the separation of the leptonic and hadronic currents, it provides flexibility to modify the former,
e.g., with BSM physics. Furthermore, with appropriately implemented hadronic currents, one
can calculate cross sections for charged current, neutral current, and electron-induced SPP with
a consistent treatment of both the vector and axial components. We claim that the proposed
algorithm will be of great importance for future implementations of neutrino-nucleus single-
pion production, dealing with a considerable number of degrees of freedom and hence a critical
demand to maintain both numerical efficiency and precision. This general philosophy can be
extended in the future to implement state-of-the-art models for other interaction channels, such
as one- and two-nucleon knock-out discussed in Chapter 2 and Chapter 3.
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Kinematics and cross section

We commence by describing the kinematics of lepton-induced single-pion production, where an
incoming lepton with four-momentum k = (E,~k) scatters off a nucleon pi by exchange of a single
gauge boson with four-momentum q = (ω,~q), thereby producing a pion. We denote the four-
momenta of the final-state lepton, pion, and recoiling nucleon by k′, kπ, and pN, and their rest
masses bym,Mπ, andMN, respectively. It is convenient to describe such a process in the hadronic
center-of-momentum system (CMS), with the lepton plane defining the x-z plane and the direction
of the momentum transfer ~q defining the z-axis, as depicted in Fig. 5.1. In the hadronic CMS,
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Figure 5.1: Kinematics of lepton-induced single-pion production on the nucleon in the hadronic center-of-
momentum frame of reference.

for which we denote quantities with a superscript ∗, the final hadronic system is at rest, meaning
~k∗π = −~p ∗N. We characterize the kinematics by the Lorentz invariants: the invariant hadronic mass
W2 = (q+pi)

2 = (kπ+pN)
2 and the exchanged four-momentum squaredQ2 = −q2 = −(k−k′)2,

along with the produced pion solid angleΩ∗π.
Within the Born approximation, we can describe the cross section as a contraction of the lep-

tonic and hadronic tensors. The standard calculation of the leptonic tensor for massless incoming
leptons yields

Lµν = kµk
′
ν + k′µkν − ηµνk · k′ − ihεµναβkαk′β, (5.1.1)

where η is the metric tensor with signature (+,−,−,−), εµναβ is the antisymmetric Levi-Civita
tensor (ε0123 = +1), and h is the helicity of the incoming lepton. We define the hadronic tensor
as

Hµν =
∑
Jµ†Jν, (5.1.2)

with the hadronic current Jµ, and averaging and summation over the spin of the initial and final
nucleon are assumed. Representing the hadronic current in terms of initial and final state nucleon
spinors and the transition operator Oµ as

Jµ = u (pN, sN)O
µu (pi, si) , (5.1.3)
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one obtains for the hadronic tensor

Hµν =
1

8M2
N

Tr
((
/pi +MN

)
Õµ
(
/pN +MN

)
Oν
)
, (5.1.4)

where Õµ = γ0 (O
µ)† γ0. With these definitions, the cross section is

d4σ
dWdQ2dΩ∗π

=
1

2

F2CC

(2π)4
|~k∗π|

|~k′2|
LµνH

µν, (5.1.5)

where the coupling constant for the charged current case that we consider in this chapter is

FCC =
GF cos θc√

2
. (5.1.6)

Using the invariance of the leptonic tensor under rotations of the hadronic plane around ~q, one
can factorize the dependence of the cross section on the azimuthal angle in terms of trigonometric
functions, as shown explicitly in Refs. [26,41–43]. Specifically, in the given CMS, we express the
cross section as

d4σ
dWdQ2dΩ∗π

=
1

2

F2CC

(2π)4
|~k∗π|

|~k′2|
× [A+ B cos (φ∗π)

+ C cos (2φ∗π) +D sin (φ∗π) + E sin (2φ∗π)] ,
(5.1.7)

where the functions A, ..., E do not depend on the azimuthal pion angle φ∗π. Below, we write
them explicitly, in terms of the elements of the leptonic and hadronic tensors, computed for the
kinematics of Fig. 5.1 (with φ∗π = 0), and making use of the symmetry properties of Lµν, as

A = L00H
00 + 2L30H

30
s + L33H

33

+
L11 + L22

2

(
H11 +H22

)
+ 2iL12H

12
a ,

(5.1.8)

B = 2L01H
01
s + L13H

13
s + iL02H

02
a + iL23H

23
a , (5.1.9)

C =
L11 − L22

2

(
H11 −H22

)
, (5.1.10)

D = 2
[
−L01H

02
s − L13H

23
s + iL02H

01
a + iL23H

13
a

]
, (5.1.11)

E = (L22 − L11)H
12
s , (5.1.12)

where Hs and Ha correspond to the symmetric (real) and antisymmetric (imaginary) parts of the
hadronic tensor:

Hµν = Hµνs + iHµνa , Hµνs,a ∈ R. (5.1.13)

For antineutrino interactions, the terms including the imaginarypart of the hadronic tensor change
sign as all of the off-diagonal terms of the leptonic tensor involving a Lorentz index 2 are purely
antisymmetric and proportional to the helicity, while the others are symmetric.

In the context of this study, it is essential to notice that the double-differential cross section
d2σ/dWdQ2 and the triple-differential d3σ/dWdQ2d cos θ∗π are entirely determined by the func-
tion A as the other contributions disappear after integration over the azimuthal pion angle φ∗π.
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We remark that the presented expressions apply to all electroweak SPP processes, thereby
facilitating a consistent treatment of the vector current across electron- and neutrino-induced cases
implemented in event generators. Furthermore, a similar separation of the angular dependence
is valid for one-nucleon knock-out on a nuclear target or for any semi-leptonic process in which a
single on-shell particle defines the hadronic plane for that matter. Thus, similar methods as the
ones outlined in the next section should apply to the implementation of microscopic models for
exclusive one-nucleon knock-out.

5.2 Monte Carlo algorithms

The kinematics for weak single-pion production off the nucleon given an incoming neutrino
energy, the target nucleon momentum, and an arbitrarily chosen lepton scattering plane, is fully
described by four independent variables. In what follows, these quantities are considered to be
random variables with a probability distribution defined by Eq. 5.1.7. While constructing Monte
Carlo event generators, one of the major tasks is to generate these variables efficiently. Here, we
discuss several of our approaches, each of them presenting a different trade-off between efficiency,
precision, and reliance on precomputed assets.

4D algorithm

The most straightforward approach is to use directly the full cross section formula (5.1.7). The
available phase space of the independent variablesW, Q2, cos θ∗π, φ∗π is

W ∈ [M,
√
s−m],

Q2 ∈ [2EE′ −m2 − 2E|~k′|, 2EE′ −m2 + 2E|~k′|],

cos θ∗π ∈ [−1, 1],

φ∗π ∈ [0, 2π],

(5.2.1)

where s = (k + pi)
2, and the underline marks the quantities calculated in the lepton+hadron

center-of-momentum frame:

E =
s−M2

N

2
√
s
, E′ =

s+m2 −W2

2
√
s

,

|~k′| =

√
(s−m2 −W2)2 − 4m2W2

2
√
s

.

(5.2.2)

In this approach, for each event, we sample four independent variables, adding a randomly
selected lepton scattering plane. We perform the sampling following the order presented in
Eq. 5.2.1, starting fromW, because the range in Q2 isW-dependent and because one needs both
W and Q2 to specify the hadronic CMS needed to select cos θ∗π and φ∗π. Such information is
enough to generate the full kinematics of an event trial. Each of them has an assigned event weight,
given by Eq. 5.1.7 multiplied by the Monte Carlo phase space factor

V4D = (
√
s−m−MN) · 4E|~k′| · 2 · 2π. (5.2.3)
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The average value of this weight is equal to the total cross section. We obtain the final set of events
by applying the accept-reject algorithm on the collection of trials. We will refer to this strategy of
generating events as the "4D algorithm".

Although asymptotically correct, we expect this approach to be inefficient, especially with
increasing neutrino energies. The efficiency of an accept-reject algorithmdepends on the interplay
between thedistribution’s shape and the sampling envelope. Since the former is initially unknown,
we choose the latter to be themaximal value of the cross section (Eq. 5.1.7), calculated in real-time.
As we increase the phase space, we access new regions of low, relative to the envelope, cross
section values, leading to event trials with a minimal chance of acceptance. The interplay between
the acceptance efficiency and the computation time needed to calculate an event weight are the
main features contrasting the proposed algorithms. In the 4D algorithm, for every event trial, we
evaluate the value of the cross section given by Eq. 5.1.7 once.

3D algorithm

In the second approach, we isolate the dependence of the cross section on the azimuthal pion
angle. After performing an integration over φ∗π, the differential cross section depends only on the
function A, and its explicit dependence on Hµν reads

d3σ
dWdQ2d cos θ∗π

=
1

2

F2CC

(2π)3
|~k∗π|

|~k′2|

[
L00H

00(W,Q2, cos θ∗π)

+ 2L30H
30
s (W,Q2, cos θ∗π) + L33H

33(W,Q2, cos θ∗π)

+
L11 + L22

2
(H11 +H22)(W,Q2, cos θ∗π)

+ 2iL12H
12
a (W,Q2, cos θ∗π)

]
,

(5.2.4)

where the hadronic tensor elements are functions of three variables: W, Q2, cos θ∗π. In this
case, only three variables are sampled and we attribute event trials with weights obtained from
multiplying the results of Eq. 5.2.4 by the new Monte Carlo phase space volume

V3D = (
√
s−m−M) · 4E|~k′| · 2. (5.2.5)

As before, the average of the event weights yields the total cross section. We obtain the final set
of, yet incomplete, events using the same accept-reject method, with the sampling envelope given
by the maximum of Eq. 5.2.4. Due to the reduced phase space dimensionality, the accept-reject
algorithm for incomplete events, without an assigned value of the pion azimuthal angle, is more
efficient.

For already selected events, we sample the variable φ∗π using the known probability distribu-
tion given, for fixed values ofW, Q2, cos θ∗π, by

f(φ∗π) = A+ B cos (φ∗π) + C cos (2φ∗π)

+D sin (φ∗π) + E sin (2φ∗π) ,
(5.2.6)

and its cumulative distribution function:

F(φ∗π) =
φ∗π
2π

+
B

2πA
sinφ∗π +

C

4πA
sin 2φ∗π

+
D

2πA
(1− cosφ∗π) +

E

4πA
(1− cos 2φ∗π).

(5.2.7)
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As the derivative of the F(φ∗π) function is known algebraically, its inversion with the Newton
method is efficient and converges rapidly. In what follows, we will call this procedure the "3D
algorithm".

2D algorithm

The starting point for this approach is the formula

d2σ
dWdQ2 =

1

2

F2CC

(2π)3
|~k∗π|

|~k′2|

[
L00H̃

00(W,Q2)

+ 2L30H̃
30
s (W,Q2) + L33H̃

33(W,Q2)

+
L11 + L22

2
(H̃11 + H̃22)(W,Q2)

+ 2iL12H̃
12
a (W,Q2)

]
,

(5.2.8)

obtained from Eq. 5.2.4 by integrating out the cos θ∗π variable and adopting the notation:

H̃µν(W,Q2) =

∫1

−1
Hµν(W,Q2, cos θ∗π)d cos „∗ı . (5.2.9)

As a result, we express the double-differential cross section in terms of 5 combinations of hadronic
tensor elements, which depend solely on W and Q2. We store their values in the form of
lightweight tables.

The first step of the "2D algorithm" is to sample a pair of variables (W,Q2)with the probability
density definedbyEq. 5.2.8. Weperform it efficiently, using the precalculated tableswith a suitable
bilinear interpolation. At this point, we build an incomplete event trial and compute its weight,
analogously to the previous approaches, by multiplying the values obtained from Eq. 5.2.8 by the
Monte Carlo phase space factor

V2D = (
√
s−m−M) · 4E|~k′|. (5.2.10)

We accept the set of incomplete events according to their weights, relative to the maximum
of Eq. 5.2.8, and only then we assign the values of cos θ∗π and φ∗π. Such an approach saves
a considerable amount of time, avoiding the computation of a full event before applying the
accept-reject algorithm.

We select the value of cos θ∗π using a probability distribution governed by the function A.
To optimize this task, we exploit the smooth character of this function in the region of interest.
Having W and Q2 fixed, we calculate the values of A(cos θ∗π) at k points and approximate as a
polynomial of degree k−1. Then, we obtain the cumulative distribution function as a polynomial
of degree k and sample the cos θ∗π variable using the inverse sampling method. For (k 6 3), we
perform the inversion algebraically, while for larger k, numerically, with the bisectionmethod. We
have checked that, for most kinematics, the degree of k = 3 provides sufficient precision, while
the distributions are almost exact on the whole phase space for degrees k > 7. We will discuss
the choice of the optimal value of k in the second next section.

Depending on the implementation effort and allowed memory, it is also possible to store in
tables hadronic tensor elementsHµν(W,Q2, cos θ∗π) that allow obtaining the fullA(W,Q2, cos θ∗π)
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function. Then, in each event, the maximum of the cos θ∗π distribution is given explicitly, and one
can sample its value using the accept-reject method. Such an approach enables us to reduce the
time-consumption of each trial event further. In what follows, we will denote this approach as the
"2D algorithm (table)".

Finally, to finish building the kinematics for the accepted events, we need to sample the variable
φ∗π. We proceed by repeating the method used for the "3D algorithm".

5.3 Numerical tools

To reliably test the performance of the abovementioned sampling algorithms, we performed
simulations using the Ghent Low Energy Model (LEM) of single-pion production implemented
in the NuWro Monte Carlo event generator. The particular implementation works on a restricted
phase space defined by the conditionW < 1.5 GeV.

Ghent Low Energy Model of SPP

This single-pion production model is based on the work of Hernández, Nieves, and Valverde
(HNV), first presented in Ref. [29] with later improvements of Refs. [44,45]. It contains a micro-
scopic description of the SPP at the amplitude level and includes, in addition to the contributions
from the∆(1232) andD13(1520) resonances (both direct and crossed channel Feynman diagrams),
the lowest-order background diagrams derived from chiral perturbation theory (ChPT). Addition-
ally, it includes a relative phase between the ChPT terms and the dominant partial wave of the
∆-pole, which partially restores unitarity [45].

The Ghent LEM [38] is a custom variant of the model with an independently written code.
On top of the standard version, it includes additional s- and u-channel contributions from the
spin-1/2 resonances P11(1440) and S11(1535) [46]. However, this model does not include the
phenomenological contact term introduced in Ref. [47]. Additionally, the samemodel, working in
the relativistic plane wave impulse approximation, was extended to describe neutrino scattering
on nuclei [18,19].

NuWro Monte Carlo event generator

NuWro is a versatile Monte Carlo neutrino event generator, which has been developed by the
theoretical group of the University of Wrocław since 2005. It is applicable for simulations in
the range of neutrino energies covered by the accelerator-based neutrino oscillation experiments,
with an upper bound of ∼ 100 GeV. We have extensively described its philosophy and physical
components in Chapter 1. Here, similarily to the study of Chapter 4, we rely on NuWro version
19.02.2 [48].

The NuWro single-pion production model combines the contribution from the ∆(1232) res-
onance excitation [49] with a non-resonant background obtained by extrapolating the DIS con-
tribution to lower values of W, blended incoherently in the region W ∈ (1.3, 1.6) GeV [50]. The
generated events follow the double-differential cross sections d2σ/dWdQ2 for both the reso-
nant and non-resonant parts. On top of that, the model obtains the Ω∗π distributions using the
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parametrized onesmeasured by the BNL bubble chamber experiment [51] for the former, while for
the latter, obtains the kinematics using the PYTHIA6 hadronization routines [52]. Alternatively,
one can use the parametrization obtained by the ANL experiment [53]. In this study, we refer to
this model as "isobar NuWro".

In NuWro, for all of the described single-pion production model implementations, we apply
additional optimizations of sampling in the (W,Q2) plane. As it is common for all models and
methods presented in this work, this has no impact on our findings nor conclusions.

5.4 Implementation performance

We have implemented the Ghent LEM in NuWro, applying the five versions of the strategies
presented in Sec. 5.2, labeled: "4D alg.", "3D alg.", "2D alg. (k = 3)", "2D alg. (k = 7)", "2D alg.
(table)". We summarize their performance in Table 5.1, with four numerical computations: for
two neutrino energies E = 1.0, 2.5 GeV, and off both proton and neutron nucleon targets. In the
respective columns of these tables, one can find: an average weight σ and its standard deviation
s1M calculated from 1 million trial events, computer time τ needed to calculate a trial event
(before the accept-reject algorithm is applied) in arbitrary units, efficiency ε of the accept-reject
algorithm, and the relative increase of computer timeα needed to generate an eventwith complete
kinematics. In the last columns, we present values of S1M that is a measure of the performance
of a given algorithm: an estimate of the time needed to produce a sample of N = 1× 106 events.
In a given simulation of efficiency ε, one has to generate N/ε trial events, out of which N events
are accepted and require the complete kinematics, whileN/ε−N are the rejected trial events that
require only the weight calculation. Since the computation of a trial event takes time τ and of a
complete event τ(1+ α), the overall computer time needed to generate a set of N events becomes

SN = N · τ · (1+ α) + (
N

ε
−N) · τ = N · τ · (1

ε
+ α). (5.4.1)

Thus, the value of SN depends on three variables: τ, ε, α, that fully characterize each algorithm.
The first, most significant difference between various approaches appears in the values of τ

and show that, in the models used, the time needed for generating a trial event is ∼ 20 times
smaller for the 2D algorithm off protons, relative to the 3D and 4D algorithms, while off neutrons
the difference rises about twice as much. The former stems solely from the computational cost
needed to evaluate the hadronic tensor, which is the bottleneck of the Ghent LEM, while the latter
comes from the fact that neutrino-induced SPP off the neutron involves two possible final states
and both cross sections need to be evaluated to obtain the weight of any of those events.

The differences in ε for simulations with the same conditions come from the differential cross
section shapes as well as the size of the sampled phase space that grows with increasing energy.
Due to the dominance of the ∆++ resonance, the SPP cross sections for neutrino scattering off the
proton target are much more peaked, leading to lower event acceptance efficiency. On the other
hand, the differences in efficiencies between particular algorithms within the same simulations
come from different dimensionalities of the sampled phase spaces and the fact that the cross
sections are not uniform in the additional variables (cos θ∗π, φ∗π).
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model σ[cm2] s1M[cm2] τ ε α S1M

4D alg. 5.1724e-39 7.8e-42 8.01e-07 0.12 - 6.9
3D alg. 5.1661e-39 7.7e-42 8.02e-07 0.13 1.0 6.9

2D
al
g. (k = 7) 5.1586e-39 7.5e-42 4.04e-08 0.16 143.9 6.1

(k = 3) 5.1623e-39 7.5e-42 4.04e-08 0.16 72.0 3.2
(table) 5.1613e-39 7.5e-42 4.03e-08 0.16 18.6 1.0

(a) E = 1.0 GeV neutrinos off proton target.

model σ[cm2] s1M[cm2] τ ε α S1M

4D alg. 2.5105e-39 2.7e-42 1.83e-06 0.15 - 12.1
3D alg. 2.5095e-39 2.7e-42 1.83e-06 0.18 0.5 11.2

2D
al
g. (k = 7) 2.5126e-39 2.6e-42 4.11e-08 0.21 169.4 7.2

(k = 3) 2.5124e-39 2.6e-42 4.10e-08 0.21 85.1 3.7
(table) 2.5116e-39 2.6e-42 4.08e-08 0.21 22.0 1.1

(b) E = 1.0 GeV neutrinos off neutron target.

model σ[cm2] s1M[cm2] τ ε α S1M

4D alg. 6.8637e-39 11.2e-42 8.04e-07 0.08 - 9.9
3D alg. 6.8634e-39 10.8e-42 8.01e-07 0.10 1.0 8.8

2D
al
g. (k = 7) 6.8327e-39 10.5e-42 3.98e-08 0.12 149.1 6.3

(k = 3) 6.8510e-39 10.5e-42 4.08e-08 0.12 72.6 3.3
(table) 6.8450e-39 10.5e-42 4.04e-08 0.12 19.0 1.1

(c) E = 2.5 GeV neutrinos off proton target.

model σ[cm2] s1M[cm2] τ ε α S1M

4D alg. 4.5860e-39 4.7e-42 1.84e-06 0.14 - 13.5
3D alg. 4.5851e-39 4.4e-42 1.83e-06 0.18 0.5 11.4

2D
al
g. (k = 7) 4.5762e-39 4.2e-42 4.19e-08 0.20 169.6 7.3

(k = 3) 4.5805e-39 4.2e-42 4.13e-08 0.20 86.0 3.8
(table) 4.5809e-39 4.2e-42 4.12e-08 0.20 22.3 1.1

(d) E = 2.5 GeV neutrinos off neutron target.

Table 5.1: Tables of the performance of the algorithms, based on 1M event simulations. The values of τ are
normalized to obtain S1M = 1.0 for the "2D alg. (table)" model.
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Values of the third characteristic variable α represent all of the secondary effort, relative to the
event trial computation time, needed to generate the full kinematics of an accepted event. One
can see that for the 3D algorithm, in which sampling of the φ∗π variable requires to compute the
hadronic tensor one additional time, relative to the 4Dmethod, α equals 1.0 and 0.5 for the proton
and neutron targets, respectively. The 2D algorithm methods, on top of the φ∗π sampling, require
additional effort to assign the cos θ∗π variable. The increase in α while going from the 2D (table)
method to the ones that use polynomial interpolation is almost proportional to the number of
times (k = 3, 7, ...) we calculate the hadronic tensor. We expect that one can avoid such behavior
using a model implementation that separates the angular dependence algebraically, e.g., in a
partial wave expansion, where one can compute the hadronic tensor for different values of cosθ∗π
at fixed values of Q2 andW in a much shorter time. However, in general, the cos θ∗π dependence
is not a priori known. Thus, in this study, we opted to present the most model-independent case.

The resultant performance of all the optimization methods in reducing the total simulation
time SN is notable. Considering its execution time and susceptibility to the investigated factors,
we conclude that the "2D alg. (table)" method performs best, and in what follows, we use it to
generate all of the Monte Carlo simulation results. To strengthen this reasoning, we emphasize
that in actual simulations, there is an additional, global computational effort needed to specify the
weight of particular interaction channels and initialize the event sampling envelope. In NuWro,
we know it as generating test events that require solely an event weight calculation, which is less
demanding using the 2D algorithms.

Inclusive cross sections

To illustrate the accuracy of the implementation of the single-pion production model in NuWro
within the "2D alg. (table)" framework, we show several comparisons with the exact results
obtained with the original Ghent LEM code. For every presented plot, we compute the Monte
Carlo results by averaging over six simulations with 10M events across the whole phase space.
The additional band represents a 1σ error on the average.

In Fig. 5.2, we compare the results for the inclusive cross sections as a function ofW at fixed
Q2 for electron neutrinos and antineutrinos with an energy of E = 1 GeV, including all possible
single-pion production channels. For each value of Q2 = 0.1, 0.5 GeV2, we gathered Monte
Carlo events in bins with a width of ∆Q2 = 0.01 GeV2 and ∆W = 5 MeV. One can see that the
"2D alg. (table)" method provides excellent accuracy. The statistical uncertainty on its results is
the smallest for (anti)neutrino reactions on the (neutron)proton, as these are cases with only a
single SPP channel accessible. For the other target/helicity combinations, the simulations split
the events over two final states, with the one of the higher cross section receiving a larger share,
which is reflected in the uncertainty.

Angular distributions of the pion

The main strength of the presented approach is the exact implementation of the outgoing pion
angular distributions. To illustrate this, in Fig. 5.3, we plot the cross sections as a function
of cos θ∗π for values of W = 1230, 1270, 1310 MeV and fixed Q2 = 0.1 GeV2 with incoming
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Figure 5.2: Double-differential cross sections for the νe- and νe-induced single-pion production processes
as a function of W for different values of Q2 with incoming energy E = 1 GeV. Solid lines are showing
the Ghent LEM results, while the (dot-)dashed ones are results of the "2D algorithm (tables)" method
implemented in NuWro.

(anti)neutrino energy E = 1 GeV. We obtained NuWro results in the same way as described
the previous subsection. Here, we gathered events in bins of ∆Q2 = 0.01 GeV2, ∆W = 5 MeV,
and ∆ cos θ∗π = 0.04. The obtained Monte Carlo results precisely reproduce the exact model
calculations. The shape of the cos θ∗π distribution varies with both the interaction channel and
kinematics. This behavior is in contrast to the commonly used approach in which the angular
dependence of the outgoing pion-nucleon pair is described isotropically or by a distribution
independent of the kinematics.

The next comparison, in Fig. 5.4, concerns the single-differential cross sections as a function
of φ∗π for electron neutrinos and antineutrinos with an energy of E = 1 GeV, averaged over
∆φ∗π = π/25 rad bins. Since the procedure for sampling φ∗π is practically exact, shapes of these
distributions exemplify the total numerical error propagating from the bilinear and trilinear in-
terpolation of the tabularized information used to sample the values of (W, Q2) and cos θ∗π,
respectively. Hence, one can interpret this comparison as a good measure of the full accuracy
of the proposed algorithm. Regarding the physical results themselves, one immediately notices
the asymmetry of dσ/dφ∗π around φ∗π = π, corresponding to pions produced above or below the
lepton scattering plane. As seen in Eq. 5.1.7, theD and E functions, which give contributions pro-
portional to sin (φ∗π) and sin (2φ∗π), respectively, are responsible for such behavior. As explained
thoroughly in Ref. [43], these asymmetries emerge from relative phase differences between the
distinct contributions to the amplitude. Hence, they are not present in models that are described
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Figure 5.3: Triple-differential cross sections for the νe- and νe-induced single-pion production processes
as a function of cos θ∗π for different values ofW and fixedQ2 = 0.1 GeV2 with incoming energy E = 1 GeV.
Solid lines show the Ghent LEM results, while the (dot-)dashed ones are results of the "2D algorithm
(tables)" method implemented in NuWro.

by incoherent sums of resonances, or resonance and background contributions. In the Ghent
Low Energy Model, the asymmetry can only arise from the interference between the imaginary
part of the resonance propagator (plus the Olsson phases in the case of ∆) and the non-resonant
background. Such an asymmetry is also not present in unpolarized electron scattering because
both theD function, with the vector-vector contribution proportional to the polarization, and the
E function, being a purely vector-axial interference term, disappear in that case.

In Figs. 5.5 and 5.6, we show the full two-dimensionalΩ∗π dependence in the different electron
(anti)neutrino-induced SPP channels with E = 1GeV for fixedQ2 = 0.1GeV2 andW = 1230MeV,
i.e., at the ∆(1232) peak. Here, we average the Monte Carlo results over ∆Q2 = 0.01 GeV2,
∆W = 5 MeV, ∆ cos θ∗π = 0.04, and ∆φ∗π = π/25 rad bins. Although we performed these
NuWro simulations again in the same way again, it is challenging to produce a sufficiently large
sample of events to reduce statistical fluctuations. Still, the agreement we find is remarkably
good. Analyzing the presented distributions, one can see that the ν(p, pπ+) and ν(n,nπ−) cross
sections are roughly symmetric with respect to φ∗π. These interaction channels only allow isospin
3/2 contributions in the s-channel and are thus dominated by the∆(1232) resonance, withminimal
impact from the background and thereby minimal interference to generate the asymmetry. The
other channels, however, do show a more asymmetric shape as the background contribution
grows in relative importance.

In Fig. 5.7, we also present theΩ∗π dependence of the "isobar NuWro"model for the same kine-
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Figure 5.4: Single-differential cross sections for the νe- and νe-induced single-pion production processes
as a function of φ∗π with incoming energy E = 1 GeV. Solid lines show the Ghent LEM results, while the
dashed ones are results of the "2D algorithm (tables)" method implemented in NuWro.

matical setup. This model uses angular distributions from the BNL parametrization of Ref. [51],
as implemented in NuWro 19.02.2. In the case of neutrino-induced charged pion production off
the proton these results are similar to the Ghent LEM, while for the other reaction channels they
are quite different. Such behavior originates from the fact that the BNL (ANL) parametrization
is obtained from data for the former reaction in the ∆(1232) region. This comparison illustrates
that a straightforward application of the same angular distribution to other reaction channels and
other phase space regions should be avoided.

Finally, in Fig. 5.8, we show a shape-only comparison with the single-differential cross sections
dσ/d cos θ∗π and dσ/dφ∗πmeasured by the ANL [53] and BNL [51] experiments. To obtain this, we
performed simulations with the EANL ∈ (0.2, 6.1) GeV and EBNL ∈ (0.1, 7.5) GeV muon neutrino
fluxes off the proton target, and applied a cut on the invariant hadronic mass W < 1.4 GeV.
The theoretical results provide a good agreement for the dσ/d cos θ∗π differential cross section,
especially in the BNL case, while due to the lack of statistics, the dσ/dφ∗π results are not conclusive.
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Figure 5.5: Quadruple-differential cross sections for the νe- and νe-induced single-pion production pro-
cesses as a function of cos θ∗π and φ∗π for fixedW = 1230 MeV and Q2 = 0.1 GeV2 with incoming energy
E = 1 GeV. The presented heatmaps are the Ghent LEM results.
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Figure 5.6: Quadruple-differential cross sections for the νe- and νe-induced single-pion production pro-
cesses as a function of cos θ∗π and φ∗π for fixedW = 1230 MeV and Q2 = 0.1 GeV2 with incoming energy
E = 1 GeV. The presented heatmaps are the results of the "2D algorithm (tables)" method implemented in
NuWro.
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Figure 5.7: Quadruple-differential cross sections for the νe- and νe-induced single-pion production pro-
cesses as a function of cos θ∗π and φ∗π for fixedW = 1230 MeV and Q2 = 0.1 GeV2 with incoming energy
E = 1 GeV. The presented heatmaps are the results of the "isobar NuWro" model, the nominal single-pion
production choice.
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Figure 5.8: Pion angular distributions for the neutrino-induced single-pion production on the proton as a
function of cosθ∗π or φ∗π, and data from the ANL [53] and BNL [51] bubble chamber experiments. Solid
lines show the Ghent LEM results, while the bins are the results of the "2D algorithm (tables)" method
implemented in NuWro. We normalize our cross section predictions to the total experimental yield.



REFERENCES 171

References

[1] L. Alvarez-Ruso et al. Prog. Part. Nucl. Phys. 100, 1 (2018).

[2] K. Abe et al. Nucl. Instrum. Meth. A 659, 106 (2011).

[3] A. A. Aguilar-Arevalo et al. Phys. Rev. Lett. 110, 161801 (2013).

[4] K. Abe et al. PTEP 2015, 053C02 (2015).

[5] A. A. Aguilar-Arevalo et al. Phys. Rev. Lett. 121, 221801 (2018).

[6] Microboone experiment, https://microboone.fnal.gov.

[7] O. Lalakulich, U. Mosel, and K. Gallmeister, Phys. Rev. C 86, 054606 (2012).

[8] M. A. Acero et al. Phys. Rev. D 98, 032012 (2018).

[9] B. Abi et al. arXiv:2002.03005 (2020).

[10] K. Abe et al. Nature 580, [Erratum: Nature 583, E16 (2020)], 339 (2020).

[11] O. Altinok et al. Phys. Rev. D 96, 072003 (2017).

[12] B. Eberly et al. Phys. Rev. D 92, 092008 (2015).

[13] K. Abe et al. Phys. Rev. D 95, 012010 (2017).

[14] R. Acciarri et al. Phys. Rev. D 98, 052002 (2018).

[15] A. A. Aguilar-Arevalo et al. Phys. Rev. D 83, 052007 (2011).

[16] A. A. Aguilar-Arevalo et al. Phys. Rev. D 83, 052009 (2011).

[17] J. T. Sobczyk. and J. Zmuda, Phys. Rev. C 87, 065503 (2013).

[18] R. González-Jiménez, K. Niewczas, and N. Jachowicz, Phys. Rev. D 97, 013004 (2018).

[19] A. Nikolakopoulos, R. González-Jiménez, K. Niewczas, et al. Phys. Rev. D 97, 093008 (2018).

[20] U. Mosel and K. Gallmeister, Phys. Rev. C 96, [Addendum: Phys.Rev.C 99, 035502 (2019)],
015503 (2017).

[21] P. Stowell et al. Phys. Rev. D 100, 072005 (2019).

[22] T. Golan, C. Juszczak, and J. T. Sobczyk, Phys. Rev. C 86, 015505 (2012).

[23] K. Niewczas and J. T. Sobczyk, Phys. Rev. C 100, 015505 (2019).

[24] L. L. Salcedo, E. Oset, M. J. Vicente-Vacas, et al. Nucl. Phys. A 484, 557 (1988).

[25] D. Rein and L. M. Sehgal, Annals Phys. 133, 79 (1981).

[26] T. Sato, D. Uno, and T. S. H. Lee, Phys. Rev. C 67, 065201 (2003).

[27] J. E. Amaro, M. B. Barbaro, J. A. Caballero, et al. Phys. Rev. C 71, 015501 (2005).

[28] S. Ahmad, M. Sajjad Athar, and S. K. Singh, Phys. Rev. D 74, 073008 (2006).

[29] E. Hernandez, J. Nieves, and M. Valverde, Phys. Rev. D 76, 033005 (2007).

[30] O. Buss, T. Leitner, U. Mosel, et al. Phys. Rev. C 76, 035502 (2007).

[31] C. Praet, O. Lalakulich, N. Jachowicz, et al. Phys. Rev. C 79, 044603 (2009).

[32] M. Martini, M. Ericson, G. Chanfray, et al. Phys. Rev. C 80, 065501 (2009).

[33] X. Zhang and B. D. Serot, Phys. Rev. C 86, 035504 (2012).

https://doi.org/10.1016/j.ppnp.2018.01.006
https://doi.org/10.1016/j.nima.2011.06.067
https://doi.org/10.1103/PhysRevLett.110.161801
https://doi.org/10.1093/ptep/ptv061
https://doi.org/10.1103/PhysRevLett.121.221801
https://microboone.fnal.gov
https://doi.org/10.1103/PhysRevC.86.054606
https://doi.org/10.1103/PhysRevD.98.032012
https://doi.org/10.1038/s41586-020-2177-0
https://doi.org/10.1103/PhysRevD.96.072003
https://doi.org/10.1103/PhysRevD.92.092008
https://doi.org/10.1103/PhysRevD.95.012010
https://doi.org/10.1103/PhysRevD.98.052002
https://doi.org/10.1103/PhysRevD.83.052007
https://doi.org/10.1103/PhysRevD.83.052009
https://doi.org/10.1103/PhysRevC.87.065503
https://doi.org/10.1103/PhysRevD.97.013004
https://doi.org/10.1103/PhysRevD.97.093008
https://doi.org/10.1103/PhysRevC.96.015503
https://doi.org/10.1103/PhysRevC.96.015503
https://doi.org/10.1103/PhysRevD.100.072005
https://doi.org/10.1103/PhysRevC.86.015505
https://doi.org/10.1103/PhysRevC.100.015505
https://doi.org/10.1016/0375-9474(88)90310-7
https://doi.org/10.1016/0003-4916(81)90242-6
https://doi.org/10.1103/PhysRevC.67.065201
https://doi.org/10.1103/PhysRevC.71.015501
https://doi.org/10.1103/PhysRevD.74.073008
https://doi.org/10.1103/PhysRevD.76.033005
https://doi.org/10.1103/PhysRevC.76.035502
https://doi.org/10.1103/PhysRevC.79.044603
https://doi.org/10.1103/PhysRevC.80.065501
https://doi.org/10.1103/PhysRevC.86.035504


172 5. GENERATOR IMPLEMENTATION PHILOSOPHY

[34] H. Kamano, S. X. Nakamura, T. .-S. H. Lee, et al. Phys. Rev. C 88, 035209 (2013).

[35] S. X. Nakamura, H. Kamano, and T. Sato, Phys. Rev. D 92, 074024 (2015).

[36] M. Rafi Alam, M. Sajjad Athar, S. Chauhan, et al. Int. J. Mod. Phys. E 25, 1650010 (2016).

[37] M. V. Ivanov, G. D. Megias, R. González-Jiménez, et al. J. Phys. G 43, 045101 (2016).

[38] R. González-Jiménez, N. Jachowicz, K. Niewczas, et al. Phys. Rev. D 95, 113007 (2017).

[39] C. Barbero, G. López Castro, and A. Mariano, Phys. Lett. B 728, 282 (2014).

[40] D. Badagnani, A. Mariano, and C. Barbero, J. Phys. G 44, 025001 (2017).

[41] T. Donnelly, Progress in Particle and Nuclear Physics 13, 183 (1985).

[42] D. Drechsel and L. Tiator, J. Phys. G 18, 449 (1992).

[43] J. E. Sobczyk, E. Hernández, S. X. Nakamura, et al. Phys. Rev. D 98, 073001 (2018).

[44] E. Hernández, J. Nieves, and M. J. Vicente Vacas, Phys. Rev. D 87, 113009 (2013).

[45] L. Alvarez-Ruso, E. Hernández, J. Nieves, et al. Phys. Rev. D 93, 014016 (2016).

[46] O. Lalakulich, E. A. Paschos, and G. Piranishvili, Phys. Rev. D 74, 014009 (2006).

[47] E. Hernández and J. Nieves, Phys. Rev. D 95, 053007 (2017).

[48] Nuwro official repository, https://github.com/NuWro/nuwro.

[49] K. M. Graczyk, D. Kielczewska, P. Przewlocki, et al. Phys. Rev. D 80, 093001 (2009).

[50] C. Juszczak, J. A. Nowak, and J. T. Sobczyk, Nucl. Phys. B Proc. Suppl. 159, edited by F.
Cavanna, J. G. Morfin, and T. Nakaya, 211 (2006).

[51] T. Kitagaki et al. Phys. Rev. D 34, 2554 (1986).

[52] T. Sjostrand, S. Mrenna, and P. Z. Skands, JHEP 05, 026 (2006).

[53] G. M. Radecky et al. Phys. Rev. D 25, [Erratum: Phys.Rev.D 26, 3297 (1982)], 1161 (1982).

https://doi.org/10.1103/PhysRevC.88.035209
https://doi.org/10.1103/PhysRevD.92.074024
https://doi.org/10.1142/S0218301316500105
https://doi.org/10.1088/0954-3899/43/4/045101
https://doi.org/10.1103/PhysRevD.95.113007
https://doi.org/10.1016/j.physletb.2013.12.006
https://doi.org/10.1088/1361-6471/44/2/025001
https://doi.org/https://doi.org/10.1016/0146-6410(85)90008-0
https://doi.org/10.1088/0954-3899/18/3/004
https://doi.org/10.1103/PhysRevD.98.073001
https://doi.org/10.1103/PhysRevD.87.113009
https://doi.org/10.1103/PhysRevD.93.014016
https://doi.org/10.1103/PhysRevD.74.014009
https://doi.org/10.1103/PhysRevD.95.053007
https://github.com/NuWro/nuwro
https://doi.org/10.1103/PhysRevD.80.093001
https://doi.org/10.1016/j.nuclphysbps.2006.08.069
https://doi.org/10.1016/j.nuclphysbps.2006.08.069
https://doi.org/10.1103/PhysRevD.34.2554
https://doi.org/10.1088/1126-6708/2006/05/026
https://doi.org/10.1103/PhysRevD.25.1161


6
Summary and outlook

L’atmosphère : météorologie populaire (Paris, 1888)

6.1 Research synopsis

The precise measurement of neutrino properties is among the highest priorities in fundamental
particle physics, involving extensive experimental efforts worldwide. Accelerator-based neutrino
experiments offer a unique framework for such studies, providing oscillation measurements and
hints ofCPviolation in the leptonic sector. However, since these experiments rely on the interaction
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of neutrinos with bound nucleons inside atomic nuclei, understanding the hadronic and nuclear
physics of these interactions constitutes a challenging source of uncertainty. Modeling neutrino-
nucleus scattering processes is a complex many-body problem, traditionally performed in an
independent-particle model picture, focusing on quasielastic neutrino-nucleon interactions or the
excitation of nucleon resonances. Improving our knowledge of such cross sections to the required
percent level precision involves investigating beyond the first approximation, incorporating the
effects of nucleon correlations and multinucleon knock-out processes.

The presented research involves a novel, multidirectional approach to tackling modern neu-
trino physics problems by combining the theoretical expertise of the Ghent group and the Monte
Carlo neutrino event generator NuWro, explicitly used in experimental analyses. The nuclear
physics of Ghent involves a non-relativistic, mean-field-based model for both the initial and final
hadronic states. On top of that, we add dynamically generated short-range nucleon correlations
and explicit two-body dynamics with meson-exchange currents involving isobar degrees of free-
dom. This framework, exhaustively compared against electron scattering, provides predictions for
inclusive, semi-inclusive, and exclusive cross sections for neutrino-nucleus interactions leading to
1-particle-1-hole and 2-particle-2-hole final states.

NuWro is aMonteCarloneutrino event generatorwidelyused in the accelerator-basedneutrino
experiments community. This software, initiated in 2005 by the theoretical group from Wrocław,
provides reliable predictions for the vital neutrino-nucleus scattering channels and involves a
homegrown cascade model that simulates the final-state interactions of outgoing hadrons. Such
a factorized approach allows for combining accurate inclusive cross section calculations while
predicting the necessary multiplicity of particles, which we observe as experimental topologies
in the detectors. Investigating the possibility of a consistent framework combining the interaction
models of Ghent and NuWro is the ultimate goal of this research. Therefore, we focused on
the following aspects of Monte Carlo simulations: the inelastic final-state interactions missing
in quantum-mechanical lepton-nucleus scattering models and the methodology of optimizing
generator implementations. In the former, we introduced the effects of short-range correlations
into the cascade model of NuWro and constrained its behavior with exclusive electron scattering
data. In the latter,wedevelopedanalgorithmthatmakes the implementationofmulti-dimensional
cross section models in their full exclusive complexity possible and provide proof of principle of
the feasibility of such a scheme.

Theoretical modeling of two-nucleon knock-out processes

The Ghent framework for the description of nuclear dynamics assumes that protons and neu-
trons move according to the Schrödinger equation in a mean-field potential determined through a
Hartree-Fock calculationbasedonaneffective Skyrme-typenucleon-nucleon force. This independent-
particle picture is remarkably accurate in describing the ground-state characteristics of spherical
nuclei. In electron- and neutrino-nucleus scattering processes, it provides reliable predictions for
inclusive reactions in a distorted-wave impulse approximation. However, to increase its accuracy and
introduce multinucleon knock-out dynamics, the model features two methods of incorporating
nuclear correlations: attributed to nuclear states and the dynamics of the hadronic current. The
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former introduces short-range nucleon-nucleon correlations using one-body currents modified
with the central, spin-isospin, and tensor correlation functions. For inclusive electron scattering
calculations, we find that this reduces the 1p1h strength, especially in the longitudinal responses,
and introduces a small 2p2h contribution. These effects reflect our intuition for the influence
of SRCs as corresponding to spectroscopic factors and the high-momentum component of the
nuclear wave function, respectively. For neutrino scattering, we find similar effects, with a higher
2p2h contribution in the longitudinal channel and a stronger 1p1h reduction in the transverse
one. In our analysis, we emphasize the role of uncertainties originating from the choice of the
central correlation numerical input. We conclude that the VMC and the solution by C. Gearhart
et al. are well-constrained and provide similar results, with the latter bringing a slightly higher
effect, as expected.

We include two-bodymeson-exchange currents of pionic range tomodel the explicitly dynam-
ical two-nucleon knock-out. As one can argue that a mean-field-based model like ours implicitly
involves nucleon-pole diagrams, we limit ourselves to calculating the seagull, pion-in-flight, and
∆-isobar current diagrams. In this investigation, we have performed three analyses to study the
effect of the first two mechanisms combined, the third one separately, and all of them together,
with coherently added short-range correlations. We found similar effects for inclusive electron-
and neutrino-nucleus scattering in the former, with little influence on the 1p1h responses and a
small 2p2h contribution. The seagull and pion-in-flight currents modify the IA responses in the
opposite direction and experience a substantial negative interference in two-nucleon knock-out
reactions. The ∆-currents depend strongly on the description of the isobar propagators and the
approximations involved therein. Similarly to the previous analysis, we found the effect to be
similar for both the electron and neutrino cases: an enhancement of 1p1h and a dominant contri-
bution to the 2p2h responses. Combining the effects of MECs and SRCs coherently brings many
subtle effects in all investigated processes as they act in different energy scales and experience
negative interference. The complete model for inclusive electron scattering provides a reduction
and enhancement of IA 1p1h results for the longitudinal and transverse responses, respectively.
In two-nucleon knock-out, we observe the characteristic ∆-resonance peak and the SRC strength
around the quasielastic peak, especially for very forward scattering. The kinematics is more
transverse for neutrino interactions, and the double-peaked structure vanishes. Contrary to the
electron 1p1h case, the SRC effect reduces the transverse responses. At the same time, MECs
also increase the longitudinal ones, so the net effect is less apparent and strongly depends on the
kinematics. Finally, to constrain the vector part of the modeled neutrino-nucleus interaction, we
systematically compared our predictions to inclusive electron scattering data, including the 1p1h,
2p2h, and single-pion production dynamics. We concluded that the combined model accurately
reproduces the selected datasets. However, the comparison to the data would benefit from a
stronger reduction of the 1p1h channel for lower energies and a better constraining of the 2p2h
cross sections for the more energetic kinematics.
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Methodology of Monte Carlo simulations

Monte Carlo event generators model neutrino-nucleus scattering by factorizing the process into
the primary neutrino interaction vertex and a model that independently simulates the final-state
interactions of knocked-out nucleons and produced pions. As a second research line devoted
to the multinucleon knock-out reactions, we studied the role of short-range nucleon-nucleon
correlations in the FSI model of NuWro. Such effects can be added by employing the local-density
approximation and evaluating correlations-modified single-nucleon densities, which enter the
calculations of mean free paths in the cascade model. We found this approach to provide a
significantly reducedprobability of interactionsnear thepropagation startingpoint as thenucleons
locally experience a hole in nuclear density. This effect vanishes over longer distances as the
nucleus normalization conditions force the density to be compensated elsewhere. To constrain
such a model, one can investigate nuclear transparency in exclusive electron scattering. This
measure provides experimental hints about the general magnitude of FSI effects in nuclear matter.
The improved nucleon cascade model of NuWro is reasonably successful in reproducing nuclear
transparency data in the energy region critical to neutrino-nucleus scattering physics. In terms of
the nucleon mean free paths, we estimated the 1σ error of our model to be around 30%. This was
applied to recent T2Kdata to suggest that FSImodeling is under control and that the disagreement
between NuWro results and data finds its origin in other sources.

The true strength of the microscopic model we developed in this work lies in its ability
to produce exclusive cross section predictions that account for the kinematics of the outgoing
nucleons in electron- and neutrino-induced two-nucleon knock-out reactions. These predictions
are crucial from the experimental point of view and should be implemented in Monte Carlo
generators in their full complexity. However, two significant obstacles limit ourprogress: exclusive
model predictions span amultidimensional phase space, and evaluating the cross section for each
set of kinematical variables is a challenging numerical problem. Depending on particular model
characteristics, the former tends to decrease the efficiency of Monte Carlo event sampling with
every next dimension in the computation. Based on comparison studies, we propose a novel
implementation strategy that combines a satisfactory efficiencywith highprecision in reproducing
the theoretical model prediction details. By introducing a sequential importance sampling of
events, we allow for the flexibility of choosing a different trade-off between efficiency, precision,
and reliance on precomputed assets. This leads to an algorithm that minimizes the number of
evaluations of theoretical model computations needed to generate every event in a simulation.
We have tested the new algorithm with the Ghent Low Energy Model for single-pion production
implemented in the NuWroMonte Carlo event generator and concluded that this approachmakes
the implementation of exclusive neutrino-nucleus interaction models feasible.

6.2 Future prospects

The model of lepton-induced one- and two-nucleon knock-out developed here is a sophisticated
framework allowing for accurate theoretical predictions and control over the internal degrees
of freedom. This model can be used to compute inclusive, semi-inclusive, and exclusive cross
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sections for electron- and neutrino-nucleus interactions. However, the model requires further
development, and, as we demonstrated in this study, there are clear paths for future work. In the
one-nucleon knock-out reaction channel, the model tends to overestimate the inclusive electron
scattering strength for low-energy kinematics. This effect points to the need for stronger long-
range correlations, which can be included using the CRPA model, also developed in Ghent. This
model could be used for calculating 1p1h nuclear responses instead of the IA ones. The potential
double-counting of the SRC dynamics could be controlled by refitting the phenomenological cut-
off parameter Λ, which allows for constraining the strength the residual interaction in CRPA [1].
In the two-nucleon knock-out reaction channel, much stress should be put on the treatment of
relativistic effects and adjusting the 2p2h contribution to fill the dip region between the quasielastic
and∆-resonance peakmore. These adjustments could resolve the model pathologies found in the
inclusive electron-scattering scattering comparisons.

The model we develop in this work should be implemented in Monte Carlo generators, such
as NuWro, in its full exclusive complexity to become fully useful in experimental analyses. So far,
this cumbersome numerical challenge has yet to be accomplished in any software development.
As we presented in Chapter 5, it is possible to build an optimized framework based on importance
sampling in Monte Carlo methods, that minimizes the number of evaluations of the theoretical
model and increase the sampling efficiency. The first steps to achieving this are inclusive model
implementations throughprecomputed assets, such as tables of integratednuclear responses. This
approach would provide progress in Monte Carlo prediction accuracy while facilitating future
implementation refinements.

Bridging the gap between the theory and experiment

Attempting to bring our model to the experimental community, we present the preliminary
results of implementing themicroscopic two-nucleon knock-outmodel in theNuWroMonte Carlo
neutrino event generator. To achieve this, we used a similar methodology to other 2p2h models,
such as SuSAv2 [2] or themodel developedby theValencia group [3]. These theoretical calculations
enter NuWro as tabularized inclusive nuclear responses that allow for an efficient evaluation of
neutrino-nucleus cross sections. The kinematics of the outgoing nucleons is considered using the
phase-space model of Ref. [4]. In our implementation, the responses are computed on a 10MeV
grid in ω and |~q| variables up to the value of |~q| = 1.3 MeV/c. In Fig. 6.1, we show the total
cross section for the models mentioned above and the 1p1h calculation with the model of O.
Benhar et al. [5]. The predictions of our model include the distinction between the distorted-
and plane-wave calculations. In Fig. 6.2, we present the double-differential neutrino scattering
cross sections on hydrocarbon and compare them to the experimental results of T2K [6]. Finally,
in Fig. 6.3 and Fig. 6.4, we confront the preliminary NuWro implementation with the single-
transverse variables measured by T2K [7]. We conclude that, similarly to the electron scattering
comparisons of Chapter 3, the preferred choice of our 2p2h model includes the VMC central
correlation function and retaining only the real part of the∆-propagator. However, the description
of the implementation and its refinement will require a more detailed and dedicated study.
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Figure 6.1: Total neutrino-nucleus scattering cross section on the Carbon target, obtainedwith NuWro. The
red solid line presents the one-nucleon knock-out contribution evaluated using the Spectral Function. The
blue and yellow lines were obtained using our model of two-nucleon knock-out, described in this study.
The dot-dashed curves are other 2p2h solutions avaiable in NuWro.

Final remarks

As neutrino oscillation physics enters the precision era, modeling neutrino-nucleus interactions
constitutes an increasingly challenging source of systematic uncertainties for newmeasurements.
While the experimental collaborations focus on building modern, giant detectors, such as DUNE
or HyperKamiokande, it is essential to acknowledge the theoretical progress that needs to meet
the requirements of experimental analyses. Neutrino-nucleus cross sections are considered to be
known with a precision not exceeding 20% [8]. At the time of this research, the statistical uncer-
tainties still dominate the experimental picture. However, future advancement will increase the
stress on the tensions inmodeling neutrino interactions and their implementations inMonte Carlo
neutrino events generators. Only a combined effort of experimental and theoretical communities
will ensure continuous progress in investigating the fascinating physics of neutrinos and fully
unveil how the theoretical modeling can impact the oscillation program.
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Figure 6.2: Double-differential inclusive neutrino-nucleus scattering cross section on the hydrocarbon
target (CxHx), as measured by T2K [6]. The theoretical predictions were obtained using the default
parametrization of NuWro and the Spectral Function. The 2p2h contribution comes from our model, as
described in the text.
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our model, as described in the text.



180 6. SUMMARY AND OUTLOOK

single-transverse variables

 0
 1
 2
 3
 4
 5
 6
 7
 8
 9

 0  200  400  600  800  1000

dσ
/d
δ

p T
 [1

0-3
9  

cm
2 /

(G
eV

/c
)]

δpT [GeV/c]

T2K data
 w/ 2p2h DW (VMC + Re Δ)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

0 π/4 π/2 3π/4 π

dσ
/d
δ
α

T 
[1

0-3
9  

cm
2 /

ra
d]

δαT [rad]

λ +- 30%

Figure 6.4: Single-transverse variables δpT and δαT of Ref. [7]. The theoretical predictions were obtained
using the default parametrization of NuWro and the Spectral Function. The 2p2h contribution comes from
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The blue boxes represent the uncertainty from varying the FSI mean free path by ±30%.
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A One-nucleon knock-out matrix elements

For the starting point of our calculations of one-nucleon knock-out matrix elements and cross
sections [1], we take the formula derived in Eq. (2.1.27) as

dσX
dεfdΩfdΩN

=
|~pN|EN
(2π)3

f−11p1hζσ
X

× [VCCWCC + VCLWCL + VLLWLL + VTWT + VTTWTT

+ VTCWTC + VTLWTL + h (VT ′WT ′ + VTC′WTC′ + VTL′WTL′)] .

(A.1)

In this equation, the nuclear responses Wx encapsulate the hadronic information about these
processes. They are bilinear products of currents given by

Jhadν = 〈 Ψ1p1h | Ĵhadν (~q) | Ψi 〉 ' 〈Φ1p1h | Ĵhadν (~q) |Φg.s. 〉, (A.2)

wherewe distinguish the true, fully correlated states |Ψ〉 and the uncorrelated, Slater determinants
| Φ 〉. The investigated 1p1h hadronic final states contain one nucleon in the continuum, which
can be explicitly distinguished by writing

Jhadν = 〈ΦA−1(Eexc, JRMR); ~pNmsN | Ĵhadν (~q) |Φg.s. 〉. (A.3)

Here, we will show how we can describe these states relative to the wave function of the nuclear
ground state. We commence by obtaining a one-hole residual stateΦA−1 as

|ΦA−1(Eexc, JRMR) 〉 = | h−1(Eexc, jhmh) 〉 = (−1)jh+mh ĉjh,−mh
|Φg.s. 〉. (A.4)

Then, for the continuum states, we use the explicit wave function normalization and the phase
shifts discussed in Section 2.2 and build the following one-nucleon state

| ~pNmsN 〉 =
∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
ilei(δl+σl)Y∗lml

(ΩN)

× 〈 l, ml; 1/2, msN | j, mj 〉ĉ†ljmj
|Φg.s. 〉.

(A.5)

Finally, we combine the two formulas to obtain the uncorrelated 1p1h state as

|Φ1p1h 〉 = |ΦA−1(Eexc, JRMR); ~pNmsN 〉as

=
∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
ilei(δl+σl)Y∗lml

(ΩN)(−1)
jh+mh

× 〈 l, ml; 1/2, msN | j, mj 〉ĉ†ljmj
ĉjh,−mh

|Φg.s. 〉.

(A.6)

Note that within our framework, both one- and two-body nuclear currents lead to one-nucleon
knock-out processes. Thus, we write the nuclear current in the following form

Jhadν = J
[1]
ν + J

[2]
ν (A.7)

and the hadronic tensor, distinguishing the one-body, interference, and two-body terms, as

Wµν =W
[1]
µν +W

[1,2]
µν +W

[2]
µν

=
∑

JR,MR

∑

msN

(
J
[1]†
µ J

[1]
ν + 2<

(
J
[1]†
µ J

[2]
ν

)
+ J

[2]†
µ J

[2]
ν

)
.

(A.8)
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Exclusive one-body matrix elements

We employ the second quantization picture to properly evaluate the nuclear operators and their
symmetries. The one-body operator is of the form

Ô
[1]
JM(|~q|) =

∑

α,β

〈 α | Ô
[1]
JM(|~q|) | β 〉ĉ†αĉβ. (A.9)

Then, we incorporate it into our nuclear matrix element, using the result of Eq. (A.6), and write

〈Φ1p1h | Ô
[1]
JM(|~q|) |Φg.s. 〉 =

∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)Ylml

(ΩN)

× (−1)jh+mh〈 l, ml; 1/2, msN | j, mj 〉
×
∑

α,β

〈 α | Ô
[1]
JM(|~q|) | β 〉〈Φg.s. | ĉ†hĉpĉ†αĉβ |Φg.s. 〉.

(A.10)

Following Ref. [2], we can further simplify the summation over states α and β as
∑

α,β

〈 α | Ô
[1]
JM(|~q|) | β 〉〈Φg.s. | ĉ†hĉpĉ†αĉβ |Φg.s. 〉 = −〈 p | Ô[1]

JM(|~q|) | h 〉. (A.11)

Then, we use the Wigner-Eckart theorem to obtain

〈 p | Ô[1]
JM(|~q|) | h 〉 = (−1)j−mj

(
j J jh

−mj M mh

)
〈 p ‖ Ô[1]

J (|~q|) ‖ h 〉 (A.12)

and write the final result as

〈Φ1p1h | Ô
[1]
JM(|~q|) |Φg.s. 〉 =

∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)Ylml

(ΩN)

× (−1)jh+mh+1〈 l, ml; 1/2, msN | j, mj 〉

× (−1)j−mj

(
j J jh

−mj M mh

)
〈 p ‖ Ô[1]

J (|~q|) ‖ h 〉.

(A.13)

Using the partial wave expansion and the formulas of Eq. (2.1.41), we write the one-body nuclear
currents as follows

J
[1]
0 = +

√
4π
∑

J>0

iJĴ
∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)Ylml

(ΩN)

× (−1)jh+mh+1〈 l, ml; 1/2, msN | j, mj 〉(−1)j−mj

×
(

j J jh

−mj 0 mh

)
〈 p ‖ ĈCoul,[1]

J (|~q|) ‖ h 〉,

(A.14)

J
[1]
3 = −

√
4π
∑

J>0

iJĴ
∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)Ylml

(ΩN)

× (−1)jh+mh+1〈 l, ml; 1/2, msN | j, mj 〉(−1)j−mj

×
(

j J jh

−mj 0 mh

)
〈 p ‖ L̂long,[1]

J (|~q|) ‖ h 〉,

(A.15)
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J
[1]
±1 = −

√
2π
∑

J>1

iJĴ
∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)Ylml

(ΩN)

× (−1)jh+mh+1〈 l, ml; 1/2, msN | j, mj 〉(−1)j−mj

×
(

j J jh

−mj ±1 mh

)[
〈 p ‖ T̂elec,[1]

J (|~q|) ‖ h 〉 ± 〈 p ‖ T̂magn,[1]
J (|~q|) ‖ h 〉

]
.

(A.16)

Finally, we use the obtained formulas to construct hadronic response functionsWx. For example,
we present the Coulomb response

W
[1]
CC =

∑

jh,mh

4π
∑

J,J′>0

iJ−J
′
Ĵ̂J′
∑

l,ml

∑

l′,ml′

∑

j,mj

∑

j′,mj′

(2π)3

MN|~pN|
(−i)l−l

′

× e−i(δl+σl−δl′−σl′)Ylml
(ΩN)Y

∗
l′ml′

(ΩN)(−1)
j−mj+j

′−mj′

× 〈 l, ml; 1/2, msN | j, mj 〉〈 l′, ml′ ; 1/2, msN | j′, mj′ 〉

×
(

j J jh

−mj 0 mh

)(
j′ J′ jh

−mj′ 0 mh

)
× 〈 p ‖ ĈCoul,[1]

J (|~q|) ‖ h 〉
(
〈 p′ ‖ ĈCoul,[1]

J′ (|~q|) ‖ h 〉
)∗

(A.17)

obtained from the J
[1]
0 current and its complex conjugate. We calculate all the other one-body

functions in an analogical way.

Exclusive two-body and interference matrix elements

The main difference between the treatment of one- and two-body operators appear in the second
quantization, using which we write the latter as

Ô
[2]
JM(|~q|) =

1

4

∑

α,β,γ,δ

〈 αβ | Ô
[2]
JM(|~q|) | γδ 〉ĉ†αĉ†βĉδĉγ. (A.18)

Then, analogically to the one-body case, we obtain the following matrix element

〈Φ1p1h | Ô
[2]
JM(|~q|) |Φg.s. 〉 =

∑

l,ml

∑

j,mj

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)Ylml

(ΩN)

× (−1)jh+mh〈 l, ml; 1/2, msN | j, mj 〉

×1
4

∑

α,β,γ,δ

〈 αβ | Ô
[2]
JM(|~q|) | γδ 〉〈Φg.s. | ĉ†hĉpĉ†αĉ

†
βĉδĉγ |Φg.s. 〉.

(A.19)

We simplify the summation from the last line as

1

4

∑

α,β,γ,δ

〈αβ | Ô
[2]
JM(|~q|) |γδ 〉〈Φg.s. | ĉ†hĉpĉ†αĉ

†
βĉδĉγ |Φg.s. 〉 =

∑

h′
〈ph′ | Ô[2]

JM(|~q|) |hh′ 〉as. (A.20)



A. ONE-NUCLEON KNOCK-OUT MATRIX ELEMENTS 185

Note that this result yields an opposite sign to Eq. (A.11). We use this result to write

∑

h′
〈 ph′ | Ô[2]

JM(|~q|) | hh′ 〉as

=
∑

lh′

∑

jh′ ,mj
h′

〈 jmj; jh′mjh′ | Ô
[2]
JM(|~q|) | jhmjh ; jh′mjh′ 〉as

=
∑

lh′

∑

jh′ ,mj
h′

∑

J1,M1

∑

J2,M2

〈 j, mj; jh′ , mjh′ | J1, M1 〉〈 j, mj; jh′ , mjh′ | J2, M2 〉

× (−1)J1−M1

(
J1 J J2

−M1 M M2

)
〈 ph′; J1 ‖ Ô[2]

J (|~q|) ‖ hh′; J2 〉as,

(A.21)

where we employ the Wigner-Eckart theorem again. Finally, we obtain the matrix element as

〈Φ1p1h | Ô
[2]
JM(|~q|) |Φg.s. 〉

=
∑

l,ml

∑

j,mj

∑

lh′ ,jh′

∑

J1,J2

1√
1+ δhh′

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)Ylml

(ΩN)

× 〈 l, ml; 1/2, msN | j, mj 〉
(
j J jh

mj −M −mh

){
j J jh

J2 jh′ J1

}

× Ĵ1Ĵ2(−1)−j+jh′−J2−M〈 ph′; J1 ‖ Ô[2]
J (|~q|) ‖ hh′; J2 〉as,

(A.22)

where we included an additional normalization of the two-particle state (1+ δhh′)−1/2 [2]. Here,
we restrict ourselves to the time-like component of the hadronic current for clarity of notation.
Using the partial wave expansion and the formulas of Eq. (2.1.41), we write the two-body current
as follows

J
[2]
0 =

√
4π
∑

J>0

iJĴ
∑

l,ml

∑

j,mj

∑

lh′ ,jh′

∑

J1,J2

1√
1+ δhh′

(4π)

√
π√

2MN|~pN|
(−i)le−i(δl+σl)

× Ylml
(ΩN)〈 l, ml; 1/2, msN | j, mj 〉

(
j J jh

mj 0 −mh

){
j J jh

J2 jh′ J1

}

× Ĵ1Ĵ2(−1)−j+jh′−J2CCoul,[2]
ph′;hh′(J1, J, J2),

(A.23)

where we define

C
Coul,[2]
ph′;hh′(J1, J, J2) =〈 ph′; J1 ‖ Ĉ

Coul,[2]
J (|~q|) ‖ hh′; J2 〉as

−(−1)jh+jh′+J2〈 ph′; J1 ‖ ĈCoul,[2]
J (|~q|) ‖ h′h; J2 〉as.

(A.24)
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We combine the obtained results to write the two-body Coulomb response as

W
[2]
CC =

∑

jh,mh

4π
∑

J,J′>0

iJ−J
′
Ĵ̂J′
∑

l,ml

∑

j,mj

∑

l′,ml′

∑

j′,mj′

∑

lh1 ,jh1

∑

lh2 ,jh2

∑

J1,J
′
1

∑

J2,J
′
2

× 1√
1+ δhh1

√
1+ δhh2

(2π)3

2MN|~pN|
(−i)l−l

′
e−i(δl+σl−δl′−σl′)

× Ylml
(ΩN)Y

∗
l′ml′

(ΩN)̂J1Ĵ2Ĵ
′
1Ĵ
′
2(−1)

−j−j′+jh1+jh2−J2−J
′
2

× 〈 l, ml; 1/2, msN | j, mj 〉
(
j J jh

mj 0 −mh

){
j J jh

J2 jh1 J1

}

× 〈 l′, ml′ ; 1/2, msN | j′, mj′ 〉
(
j′ J′ jh

mj′ 0 −mh

){
j′ J′ jh

J′2 jh2 J′1

}

× C
Coul,[2]
ph1;hh1(J1, J, J2)

(
C
Coul,[2]
p′h2;hh2(J

′
1, J
′, J′2)

)∗

(A.25)

and the interference one as

W
[1,2]
CC =

∑

jh,mh

2<

4π ∑
J,J′>0

iJ−J
′
Ĵ̂J′
∑

l,ml

∑

l′,ml′

∑

j,mj

∑

j′,mj′

∑

lh′ ,jh′

∑

J1,J2

(2π)3

MN|~pN|
(−i)l−l

′

× e−i(δl+σl−δl′−σl′)Ylml
(ΩN)Y

∗
l′ml′

(ΩN)(−1)
jh+mh+1+j−mj−j

′+jh′−J2 Ĵ1Ĵ2

× 〈 l, ml; 1/2, msN | j, mj 〉
(

j J jh

−mj 0 mh

)

× 〈 l′, ml′ ; 1/2, msN | j′, mj′ 〉
(
j′ J′ jh

mj′ 0 −mh

){
j′ J′ jh

J2 jh′ J1

}

× 〈 p ‖ ĈCoul,[1]
J (|~q|) ‖ h 〉

(
C
Coul,[2]
p′h′;hh′(J1, J

′, J2)
)∗]

.

(A.26)

Within this picture, each of the one- and two-body current-mediated 1p1h hadronic response is a
sum of all three parts

WCC = W
[1]
CC +W

[2]
CC +W

[1,2]
CC . (A.27)

Inclusive one-body matrix elements

We can interpret the inclusive one-nucleon knock-out through the exclusive cross section formula
integrated over the outgoing nucleon (dΩN). Thus, we obtain

dσX
dεfdΩf

=

∫
dΩN

dσX
dεfdΩfdΩN

. (A.28)

Here, for simplicity, we assume that the residual nucleus has no recoil (f1p1h = 1). Furthermore,
as neither the leptonic kinematical factors nor the Mott-like prefactor depend on ΩN, we write
the general inclusive cross section formulas

dσW
dεfdΩf

= 4πσWζ [VCCWCC + VCLWCL + VLLWLL + VTWT + hVT ′WT ′ ] , (A.29)

dσγ
dεfdΩf

= 4πσMott [VeLWCC + VeTWT ] , (A.30)
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where we multiply the hadronic responses with a common factor (4π(2π)3/|~pN|MN)
−1. As the

five hadronic responses {TC, TL, TT, TC′, TL′} are odd functions ofΩN, they cancel out, andwe are
left with five or (CVC-constrained) two responses in the neutrino and electron case, respectively.

In the next step, we perform integrals of the following type

∫
dΩN W

[1]
CC =

∫
dΩN

∑

jh,mh

4π
∑

J,J′>0

iJ−J
′
Ĵ̂J′
∑

l,ml

∑

l′,ml′

∑

j,mj

∑

j′,mj′

(2π)3

MN|~pN|
(−i)l−l

′

× e−i(δl+σl−δl′−σl′)Ylml
(ΩN)Y

∗
l′ml′

(ΩN)(−1)
j−mj+j

′−mj′

× 〈 l, ml; 1/2, msN | j, mj 〉〈 l′, ml′ ; 1/2, msN | j′, mj′ 〉

×
(

j J jh

−mj 0 mh

)(
j′ J′ jh

−mj′ 0 mh

)
× 〈 p ‖ ĈCoul,[1]

J (|~q|) ‖ h 〉
(
〈 p′ ‖ ĈCoul,[1]

J′ (|~q|) ‖ h 〉
)∗
.

(A.31)

We can simplify this equation using the orthogonality of spherical harmonics, three-j symbols,
and Clebsch-Gordan coefficients. This yields the following responses

1

4π

|~pN|MN

(2π)3

∫
dΩN W

[1]
CC =

∑

jh

∑

J>0

∑

l,j

∣∣∣〈 p ‖ ĈCoul,[1]
J (|~q|) ‖ h 〉

∣∣∣2 , (A.32)

1

4π

|~pN|MN

(2π)3

∫
dΩN W

[1]
CL

= −
∑

jh

∑

J>0

∑

l,j

2<
[
〈 p ‖ ĈCoul,[1]

J (|~q|) ‖ h 〉
(
〈 p ‖ L̂long,[1]

J (|~q|) ‖ h 〉
)∗]

,
(A.33)

1

4π

|~pN|MN

(2π)3

∫
dΩN W

[1]
LL =

∑

jh

∑

J>0

∑

l,j

∣∣∣〈 p ‖ L̂long,[1]
J (|~q|) ‖ h 〉

∣∣∣2 , (A.34)

1

4π

|~pN|MN

(2π)3

∫
dΩN W

[1]
T

=
∑

jh

∑

J>1

∑

l,j

2<

(∣∣∣〈 p ‖ T̂elec,[1]
J (|~q|) ‖ h 〉

∣∣∣2 + ∣∣∣〈 p ‖ T̂magn,[1]
J (|~q|) ‖ h 〉

∣∣∣2) , (A.35)

and

1

4π

|~pN|MN

(2π)3

∫
dΩN W

[1]
T ′

=
∑

jh

∑

J>1

∑

l,j

2<
[
〈 p ‖ T̂elec,[1]

J (|~q|) ‖ h 〉
(
〈 p ‖ T̂magn,[1]

J (|~q|) ‖ h 〉
)∗]

.
(A.36)
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Inclusive two-body and interference matrix elements

Integrating the terms involving two-body currents is analogical to the previous case. Here, we
encounter integrals of form

∫
dΩN W

[2]
CC = 4π

(2π)3

2MN|~pN|

∑

jh

∑

J>0

∑

l,j

∑

lh1 ,jh1

∑

lh2 ,jh2

∑

J1,J
′
1

∑

J2,J
′
2

Ĵ1Ĵ2Ĵ
′
1Ĵ
′
2

× 1√
1+ δhh1

√
1+ δhh2

(−1)jh1+jh2−J2−J
′
2

{
j J jh

J2 jh1 J1

}

×
{
j′ J jh

J′2 jh2 J′1

}
C
Coul,[2]
ph1;hh1(J1, J, J2)

(
C
Coul,[2]
ph2;hh2(J

′
1, J, J

′
2)
)∗
,

(A.37)

exemplified by theCoulomb one. Then, for greater numerical simplicity, we compress the notation
and obtain the two-body matrix elements like

1

4π

|~pN|MN

(2π)3

∫
dΩN W

[2]
CC =

∑

jh

∑

J>0

∑

l,j

×

∣∣∣∣∣∣
∑

lh1 ,jh1

∑

J1,J2

Ĵ1Ĵ2
1√

1+ δhh1
(−1)jh1−J2

{
j J jh

J2 jh1 J1

}
C
Coul,[2]
ph1;hh1(J1, J, J2)

∣∣∣∣∣∣
2 (A.38)

and the interference terms

1

4π

|~pN|MN

(2π)3

∫
dΩN W

[1,2]
CC = −

∑

jh

∑

J>0

∑

l,j

2<
[
〈 p ‖ ĈCoul,[1]

J (|~q|) ‖ h 〉

×

 ∑
lh′ ,jh′

∑

J1,J2

Ĵ1Ĵ2
1√

1+ δhh′
(−1)jh+jh′−J2

{
j J jh

J2 jh′ J1

}
C
Coul,[2]
ph1;hh′(J1, J, J2)

∗ (A.39)

similarly. Finally, we obtain the other responses following the same steps.
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B Two-nucleon knock-out matrix elements

For the starting point of our calculations of two-nucleon knock-out matrix elements and cross
sections [1], we take the formula derived in Eq. (2.1.28) as

dσX
dεfdΩfdTNadΩNadΩNb

=
|~pNa |ENa |~pNb |ENb

(2π)6
f−12p2hζσ

X

× [VCCWCC + VCLWCL + VLLWLL + VTWT + VTTWTT

+VTCWTC +VTLWTL + h (VT ′WT ′ + VTC′WTC′ + VTL′WTL′)] ,

(B.1)

In this equation, the nuclear responses Wx encapsulate the hadronic information about these
processes. They are bilinear products of currents given by

Jhadν = 〈 Ψ2p2h | Ĵhadν (~q) | Ψi 〉 ' 〈Φ2p2h | Ĵhadν (~q) |Φg.s 〉, (B.2)

wherewe distinguish the true, fully correlated states |Ψ〉 and the uncorrelated, Slater determinants
|Φ 〉. The investigated 2p2h hadronic final states contain two nucleons in the continuum, which
can be explicitly distinguished by writing

Jhadν = 〈ΦA−2(Eexc, JRMR); ~pNamsNa ; ~pNbmsNb | Ĵ
[2]
ν (~q) |Φg.s. 〉. (B.3)

Here, we will show how we can describe these states relative to the wave function of the nuclear
ground state. We commence by obtaining a two-hole residual state ΨA−2 as

|ΦA−2(Eexc, JRMR) 〉 = | (hh′)−1(Eexc, JRMR) 〉 =
∑

mhmh′

1√
1+ δhh′

× 〈 jh mh; jh′ mh′ | JRMR 〉(−1)jh+mh+jh′+mh′ ĉjh,−mh
ĉjh′ ,−mh′ |Φg.s. 〉.

(B.4)

Then, for the continuum states, we use the states derived in Eq. (A.5) to build the uncorrelated
2p2h state

|Φ2p2h 〉 = |ΦA−2(Eexc, JRMR); ~pNamsNa ; ~pNbmsNb 〉as

=
∑

lamla

∑

jamja

∑

lbmlb

∑

jbmjb

∑

mhmh′

1√
1+ δhh′

(4π)2
π

2MN

√
|~pNa ||~pNb |

× ila+lbei(δla+σla+δlb+σlb)Y∗lamla
(ΩNa)Y

∗
lbmlb

(ΩNb)

× 〈 la, mla ; 1/2, msNa | ja, mja 〉〈 lb, mlb ; 1/2, msNb | jb, mjb 〉
× 〈 jh, mh; jh′ , mh′ | JR, MR 〉(−1)jh+mh+jh′+mh′

× ĉ†lajamja
ĉ
†
lbjbmjb

ĉjh,−mh
ĉjh′ ,−mh′ |Φg.s. 〉

(B.5)

Note that within our framework, only two-body nuclear currents lead to two-nucleon knock-out
processes

Wµν =W
[2]
µν. (B.6)
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Exclusive matrix elements

Analogically to the one-nucleon knock-out case, we commence by writing our two-body operator
in the second quantization picture as

Ô
[2]
JM(|~q|) =

1

4

∑

α,β,γ,δ

〈 αβ | Ô
[2]
JM(|~q|) | γδ 〉ĉ†αĉ†βĉδĉγ. (B.7)

Then, we write the transition element as follows

〈Φ2p2h | Ô
[2]
JM(|~q|) |Φg.s. 〉 =

∑

la,mla

∑

ja,mja

∑

lb,mlb

∑

jb,mjb

∑

mh,mh′

(4π)2(−i)la+lb

× 1√
1+ δhh′

π

2MN

√
|~pNa ||~pNb |

e−i(δla+σla+δlb+σlb)Ylamla
(ΩNa)Ylbmlb

(ΩNb)

× 〈 la, mla ; 1/2, msNa | ja, mja 〉〈 lb, mlb ; 1/2, msNb | jb, mjb 〉
× 〈 jh, mh; jh′ , mh′ | JR, MR 〉(−1)jh+mh+jh′+mh′

× 1
4

∑

α,β,γ,δ

〈 αβ | Ô
[2]
JM(|~q|) | γδ 〉〈Φg.s. | ĉ†h′ ĉ

†
hĉpb ĉpa ĉ

†
αĉ
†
βĉδĉγ |Φg.s. 〉.

(B.8)

Using the commutative rules of creation and annihilation operators [2], we obtain

1

4

∑

α,β,γ,δ

〈 αβ | Ô
[2]
JM(|~q|) | γδ 〉〈Φg.s. | ĉ†h′ ĉ

†
hĉpb ĉpa ĉ

†
αĉ
†
βĉδĉγ |Φg.s. 〉

= −
1

2
〈 papb | Ô

[2]
JM(|~q|) | hh′ 〉as.

(B.9)

Then, we couple the particle and hole states into combined quantum states and use the Wigner-
Eckart theorem to obtain

−
1

2
〈 papb | Ô

[2]
JM(|~q|) | hh′ 〉as = −

1

2
〈 jamja ; jbmjb | Ô

[2]
JM(|~q|) | jhmjh ; jh′mjh′ 〉as

=
1

2

∑

J1,M1

∑

J3,M3

Ĵ−11 (−1)jh+jh′+J3+1〈 jh, mh; jh′ , mh′ | J3, −M3 〉

× 〈 ja, mjb ; mja , J1 | jb, M1 〉〈 J3, M; M3, J1 | J, M1 〉
× 〈 papb; J1 ‖ Ô[2]

J (|~q|) ‖ hh′; JR 〉as.

(B.10)

We combine the obtained results into the following matrix element

〈Φ2p2h | Ô
[2]
JM(|~q|) |Φg.s. 〉 =

1

2

∑

la,mla

∑

ja,mja

∑

lb,mlb

∑

jb,mjb

∑

J1,M1

(4π)2(−i)la+lb

× 1√
1+ δhh′

π

2MN

√
|~pNa ||~pNb |

e−i(δla+σla+δlb+σlb)Ylamla
(ΩNa)Ylbmlb

(ΩNb)

× 〈 la, mla ; 1/2, msNa | ja, mja 〉〈 lb, mlb ; 1/2, msNb | jb, mjb 〉
× 〈 ja, mja ; jb, mjb | J1, M1 〉〈 JR, −MR; J, M | J1, M1 〉̂J−11 (−1)JR+MR+1

× 〈 papb; J1 ‖ Ô[2]
J (|~q|) ‖ hh′; JR 〉as.

(B.11)
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Finally, we write the explicit formulas for the nuclear two-body current elements as

J
[2]
0 = +

√
4π
∑

J>0

iJĴ
1

2

∑

la,mla

∑

ja,mja

∑

lb,mlb

∑

jb,mjb

∑

J1,M1

1√
1+ δhh′

(4π)2(−i)la+lb

× π

2MN

√
|~pNa ||~pNb |

e−i(δla+σla+δlb+σlb)Ylamla
(ΩNa)Ylbmlb

(ΩNb)

× 〈 la, mla ; 1/2, msNa | ja, mja 〉〈 lb, mlb ; 1/2, msNb | jb, mjb 〉
× 〈 ja, mja ; jb, mjb | J1, M1 〉〈 JR, −MR; J, 0 | J1, M1 〉̂J−11 (−1)JR+MR+1

× C
Coul,[2]
papb;hh′(J1, J, JR),

(B.12)

J
[2]
3 = −

√
4π
∑

J>0

iJĴ
1

2

∑

la,mla

∑

ja,mja

∑

lb,mlb

∑

jb,mjb

∑

J1,M1

1√
1+ δhh′

(4π)2(−i)la+lb

× π

2MN

√
|~pNa ||~pNb |

e−i(δla+σla+δlb+σlb)Ylamla
(ΩNa)Ylbmlb

(ΩNb)

× 〈 la, mla ; 1/2, msNa | ja, mja 〉〈 lb, mlb ; 1/2, msNb | jb, mjb 〉
× 〈 ja, mja ; jb, mjb | J1, M1 〉〈 JR, −MR; J, 0 | J1, M1 〉̂J−11 (−1)JR+MR+1

× L
long,[2]
papb;hh′(J1, J, JR),

(B.13)

and

J
[2]
±1 = −

√
2π
∑

J>1

iJĴ
1

2

∑

la,mla

∑

ja,mja

∑

lb,mlb

∑

jb,mjb

∑

J1,M1

1√
1+ δhh′

(4π)2(−i)la+lb

× π

2MN

√
|~pNa ||~pNb |

e−i(δla+σla+δlb+σlb)Ylamla
(ΩNa)Ylbmlb

(ΩNb)

× 〈 la, mla ; 1/2, msNa | ja, mja 〉〈 lb, mlb ; 1/2, msNb | jb, mjb 〉
× 〈 ja, mja ; jb, mjb | J1, M1 〉〈 JR, −MR; J, ±1 | J1, M1 〉̂J−11 (−1)JR+MR+1

×
[
T
elec,[2]
papb;hh′(J1, J, JR)± T

magn,[2]
papb;hh′(J1, J, JR)

]
,

(B.14)

where we define

O
[2]
papb;hh′(J1, J, JR) =〈 papb; J1 ‖ Ô

[2]
J (|~q|) ‖ hh′; JR 〉as

−(−1)jh+jh′+JR〈 papb; J1 ‖ Ô[2]
J (|~q|) ‖ h′h; JR 〉as.

(B.15)

With these prescriptions, we can calculate the ten nuclear responses Wx by taking bilinear com-
binations of the currents and summing over the final nuclear states, e.g.,

WCC =
∑

JR,MR

∑

msa ,msb

|J0|
2 . (B.16)

Semi-inclusive matrix elements

The calculation of the semi-inclusive cross section requires integrating over one of the knocked-
out nucleons. Experimentally, it means that the information about it is absorbed, and we do not
know the isospin or other properties. Therefore, we model this process as an incoherent sum over



192 6. SUMMARY AND OUTLOOK

proton and neutron knock-outs in the following way

dσX
dεfdΩfdTNdΩN

=

∫
dΩp′

dσX
dεfdΩfdTNdΩNdΩp′

+

∫
dΩn′

dσX
dεfdΩfdTNdΩNdΩn′

.

(B.17)

Such analytical integration of the 2p2h nuclear responses requires a deeper understanding of the
two-nucleon kinematics. In our formalism, only the angular information on one of the nucleons
is constrained, making the value of its momentum a subject of modeling. Here, we follow the
approach presented in Ref. [3], which is inspired by the original work of K. Gottfried [4] and
works in the quasi-deuteron kinematics. Here, we neglect the nuclear recoil and evaluate an average
momentum

~p
avg
Nb

= ~q− ~pNa , (B.18)

where ~pNa is the momentum of the detected nucleon. This approximation allows us to calculate
the essential momentum-dependent properties of both outgoing nucleons. We exemplify the
calculations with the Coulomb hadronic response

∫
dΩbWCC =

1

4

∑

JR

∑

J,J′>0

∑

la,ja

∑

la′ ,ja′

∑

lb,jb

∑

J1,J
′
1

∑

J3

× (−1)1+ja′+J1+JR−
1/2PJ3(cos θa)〈 J′, 0; J, 0 | J3, 0 〉

×B(papa′ , pb, h, h
′, J1, J, J

′
1, J
′, JR, J3)

× C
Coul,[2]
papb;hh′(J1, J, JR)

(
C
Coul,[2]
pa′pb;hh′

(J′1, J
′, JR)

)∗
,

(B.19)

where

B(papa′ , pb, h, h
′, J1, J, J

′
1, J
′, JR, J3)

= iJ−J
′−la−la′e

−i(δla+σla−δla′−σla′ )̂jaĵa′ Ĵ̂J
′Ĵ1Ĵ2

1

2

(
1+ (−1)la+la′+J3

)
× 〈 ja, 1/2; ja′ , −1/2 | J3, 0 〉

{
J′1 J′ JR

J J1 J3

}{
ja J1 jb

J′1 j′b J3

}
.

(B.20)

Inclusive matrix elements

The ultimate step of this derivation aims to obtain the cross section prescription for the inclusive
two-nucleon knock-out process. We need to integrate the semi-inclusive formula as

dσX
dεfdΩf

=

∫
dTpdΩp

dσX
dεfdΩfdTpdΩp

. (B.21)

As shown explicitly in Ref. [1], the angular integration involves only Legendre polynomials
P(cos θa) or odd functions of φa. Hence, it is a straightforward calculation, but not for the
energy integral. Unfortunately, in our model, the time-like dependence of most ingredients is not
analytical, and we perform the final integral numerically.
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C Reduced matrix elements

The reduced matrix elements are the expectation values of different combinations of operators we
encounter in our theoretical calculations. In this appendix, we summarize the equations, which
appear while evaluating the hadronic currents of our interest. We commence by presenting the
basic reduced matrix elements that are the most elementary combinations of sperical harmonics
Y, derivatives∇ and the spin operator σ. We express them through the radial transition densities
defined as

〈 a ‖ Ô ‖ b 〉 ≡
∫
dr 〈 a ‖ Ô ‖ b 〉r, (C.1)

where we denote r = |~r|. Then, they will serve as a base for more complex matrix elements of
the IA and MEC currents. We present these formulations for the neutrino scattering case. The
exhaustive description of the SRC matrix elements, which, in this work, were not updated, can be
found in Ref. [1].
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ĴĴ

+
κ

√
4
π

(−
1
)l
b
+
J

(C
.4
)

×
({ J

+
κ

1
J

l b
l a

l b
+
1

}
l̂ a
√ 2l b

+
3

( l a
J
+
κ
l b

+
1

0
0

0

) r2
φ
∗ a
(r
)√ l b

+
1

( ∂ ∂
r
−
l b r

) φ
b
(r
)

−

{
J
+
κ

1
J

l b
l a

l b
−
1

}
l̂ a
√ 2l b

−
1

( l a
J
+
κ
l b

−
1

0
0

0

) r2
φ
∗ a
(r
)√ l b

( l b
+
1

r
+
∂ ∂
r

) φ
b
(r
))

+

({ 1
J
+
κ

J

l b
l a

l a
+
1

}
√ l a

+
1̂
l b

( l a
+
1
J
+
κ
l b

0
0

0

) r2
φ
∗ b
(r
)√ l a

+
1

( ∂ ∂
r
−
l a r

) φ
a
(r
)

−

{
1

J
+
κ

J

l b
l a

l a
−
1

}
√ l a

−
1̂
l b

( l a
−
1
J
+
κ
l b

0
0

0

) r2
φ
∗ b
(r
)√ l a

( l a
+
1

r
+
∂ ∂
r

) φ
a
(r
))



C. REDUCED MATRIX ELEMENTS 195

〈l
a
‖
[ Y L(

Ω
)
⊗
( −→ ∇−

←− ∇
)] J
‖l
b
〉 r

=
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ĵ b

    

l a
1
/2

j a

l b
1
/2

j b

J
1

L

    
〈l
a
‖
[ Y L(

Ω
)
⊗
( −→ ∇−

←− ∇
)] J
‖l
b
〉

(C
.6
)



196 6. SUMMARY AND OUTLOOK
Im

pu
ls
e
ap

pr
ox

im
at
io
n

〈a
‖Ĉ
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